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ABSTRACT
On small scales there have been a number of claims of discrepancies between the standard
ColdDarkMatter (CDM)model and observations. The ’missing satellites problem’ infamously
describes the over-abundance of subhaloes from CDM simulations compared to the number
of satellites observed in the Milky Way. A variety of solutions to this discrepancy have been
proposed; however, the impact of the specific properties of the Milky Way halo relative to the
typical halo of its mass have yet to be explored. Motivated by recent studies that identified
ways in which the Milky Way is atypical, we investigate how the properties of dark matter
haloes with mass comparable to our Galaxy’s — including concentration, spin, shape, and
scale factor of the last major merger — correlate with the subhalo abundance. Using zoom-in
simulations of MilkyWay-like haloes, we build two models of subhalo abundance as functions
of host halo properties. From these models we conclude that the Milky Way most likely has
fewer subhaloes than the average halo of the same mass. We expect up to 30% fewer subhaloes
with lowmaximum rotation velocities (V satmax ∼ 10km s−1) at the 68% confidence level and up to
52% fewer than average subhaloes with high rotation velocities (V satmax & 30km s−1, comparable
to the Magellanic Clouds) than would be expected for a typical halo of the Milky Way’s mass.
Concentration is the most informative single parameter for predicting subhalo abundance. Our
results imply that models tuned to explain the missing satellites problem assuming typical
subhalo abundances for our Galaxy may be over-correcting.
Key words: galaxies: haloes – (cosmology:) dark matter – Galaxy: fundamental parameters
1 INTRODUCTION
Simulations of structure formation based upon the ΛCDM (cold
dark matter with a cosmological constant) cosmological model suc-
cessfully describe a wide range of observations, particularly at large
scales (r & 10Mpc h−1). However, a number of observations on
smaller scales (r . 1Mpc h−1) exhibit possible discrepancies with
the standard model (e.g., Flores & Primack 1994; Moore 1994;
Klypin et al. 1999; Moore et al. 1999; Boylan-Kolchin et al. 2011;
Del Popolo & Le Delliou 2017; Bullock & Boylan-Kolchin 2017).
Many of these discrepancies have been observed in the Milky Way
(MW), the galaxy we are able to study in the most detail.
In this paper we focus most directly on an issue known as
the ‘missing satellites problem’ (MSP). The MSP is the apparent
over-prediction of the abundance of satellite haloes of a particular
velocity dispersion (or rotation speed) within a ΛCDM model rela-
tive to the number of galaxies of similar velocities that have actually
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been observed in the Milky Way (e.g., Klypin et al. 1999; Moore
et al. 1999; Bullock 2010). We expect substructure to survive the hi-
erarchical assembly of dark matter (DM) haloes, as the dense cores
of merging haloes are not strongly affected by tidal interactions
(Kauffmann et al. 1993; Zentner & Bullock 2003; Bullock 2010)
but the question of how much substructure there should be remains.
We describe objects in terms of maximum circular velocity,
Vmax, which is a measure of the depth of the potential well of a dark
matter halo. The critical range of maximum circular velocity we are
interested in for studying the MSP is the range of 10 − 30 km s−1,
where other physical effects do not dominate (gas cooling on the
low velocity end and photoionization feedback on the high velocity
end). There has only been ∼ 26 dwarf satellites observed of this
size, compared to roughly ∼ 350 predicted from CDM simulations
(Tollerud et al. 2008; Bullock 2010) with Vmax > 10 km s−1within
400 kpc of a Milky Way-size host. Of these ∼ 100 should be mas-
sive enough to host observable galaxies (Bullock 2010). The MSP
is the difference between the number of predicted subhaloes of the
size necessary to host galaxies with the observed stellar kinemat-
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ics of the classical Milky Way dwarf satellites and the number of
actual dwarf satellites. Within the ΛCDM framework, most such
subhaloes cannot host dwarf satellites comparable in size to the
classical MW dwarfs. Many previous works have tried to under-
stand this discrepancy via some baryonic processes (e.g., supernova
feedback) or through exotic physics (e.g., alternative models of dark
matter).
Themissing satellites problem is not the only example of poten-
tial small-scale discrepancies fromΛCDMexpectations found in the
Local Group. The simplest possible relationship between galaxies
and dark matter would place the known satellites of the Milky Way
into the largest subhaloes surrounding it (Bullock&Boylan-Kolchin
2017). The ’too-big-to-fail’ (TBTF) problem was identified based
upon ΛCDM N-body simulations (Springel et al. 2008; Diemand
et al. 2008) which showed that the most massive subhaloes were too
dense to host the the brightestMilkyWay satellites (Boylan-Kolchin
et al. 2011, 2012). Naively, these dense subhaloes should form stars
more efficiently than their more diffuse counterparts, yet they do not
appear to host the Local Group dwarfs (Tollerud et al. 2014; Kirby
et al. 2014).
A number of solutions have been proposed to alleviate or elim-
inate the MSP and TBTF problems. Some of the most well-studied
proposals include:
(i) Survey incompleteness: The missing objects could be too
dim or too diffuse to have been detected yet. This question could
partially be reconciled with future survey projects such as LSST, a
hope that has gained traction after the numerous satellite galaxy dis-
coveries from SDSS and DES (Blanton et al. 2017; Drlica-Wagner
et al. 2015), although most of these dwarfs are predominately much
smaller than the regime thatwe are interested in (Vmax . 10 km s−1).
Recent work by Kim et al. (2018) argues that there is no longer any
MSPbased upon our current understanding of the suppression of star
formation in the satellites and the recent discovery of faint dwarfs
after being completeness corrected to theMilkyWay’s virial radius.
They predict that the number of satellites that inhabit theMilkyWay
is consistent with CDM predictions. However, there is still some is-
sue with objects smaller than Segue I (Vmax = 10+7.0−1.6 km s
−1 from
Jiang & van den Bosch (2015)) in their model being over-predicted.
In this case, the observed abundance of satellites can be explained,
but the question of why subhaloes of similar potential well depth
may host galaxies of very different luminosities would still be open.
(ii) Host halo properties: Wang et al. (2011) pointed out that
the Milky Way’s mass is uncertain by roughly a factor of two; if the
MW mass is on the low side of this range, then both the missing
satellites and TBTF problems are greatly alleviated. In addition,
several studies have shown that there is significant scatter in subhalo
abundances among host haloes at fixed host halo mass (Purcell &
Zentner 2012; Jiang & van den Bosch 2014; van den Bosch & Jiang
2014). Both Purcell & Zentner (2012) and Jiang & van den Bosch
(2014) argued that the TBTF problem is only marginally significant
given this large scatter, even if the mass of the Milky Way halo is
on the high end of the observed range.
(iii) Baryonic effects: Both MSP and TBTF are issues that arise
when comparing observations with N-body simulations. However,
baryonic physics can potentially change the observable satellite
population substantially. Galaxies in small subhaloes may be dim
because their host haloes did not form stars significantly prior to
reionization, at which point their gas was stripped by the UV back-
ground (Bullock et al. 2000; Benson et al. 2002; Moore et al. 2006;
Bovill & Ricotti 2009). Milky Way subhaloes may have experi-
enced a stronger suppression caused by the radiation from the MW
itself. Photoionization is expected to affect haloes in the range of
Vmax ∼ 30 kms−1 (e.g., Efstathiou 1992; Bullock et al. 2000; Ben-
son et al. 2002; Bovill & Ricotti 2009; Sawala et al. 2016; Bullock
& Boylan-Kolchin 2017).
Likewise, supernova feedback heats and blows out the interstellar
medium, which can suppress star formation in low-mass darkmatter
haloes (Dekel & Silk 1986; Mori et al. 1999; Scannapieco et al.
2008; Koposov et al. 2009). This process generally effects larger
subhaloes of Vmax ∼ 100 km s−1. Winds and UV radiation from
massive stars may also deposit energy into the gas within a subhalo,
enhancing this effect (Ceverino & Klypin 2009).
Hydrodynamic simulations have backed the baryon solution up,
showing that adding baryonic physics into dark matter-only mod-
els can substantially alleviate the missing satellites problem (e.g.,
Zolotov et al. 2012; Sawala et al. 2016; Zhu et al. 2016). For ex-
ample, dynamical friction resulting in angular momentum transfer
from baryons to dark matter alters the dark matter density profile
at the centres of low-mass galaxies (Brooks et al. 2013), making
them more cored than cuspy. These objects have less visible stars
due to stronger effects of tidal stripping on cored density profiles
(Del Popolo 2009).
Tidal stripping by the host halo or the parent galaxy during accre-
tion could have torn apart some fraction of the lower mass satellites
(Diemand et al. 2007; Bland-Hawthorn & Gerhard 2016; Garrison-
Kimmel et al. 2017; Nadler et al. 2019).
(iv) Non-cold dark matter and exotic physics: Dark matter
properties which deviate from CDM could reduce the number of
subhaloes of appropriate potential well depth to host the observed
satellite galaxies, thus alleviating or eliminating the MSP and the
TBTF issue (e.g., Sommer-Larsen&Dolgov 2001; Spergel & Stein-
hardt 2000; Zentner & Bullock 2003; Wang et al. 2014). Addition-
ally Kamionkowski & Liddle (2000) and Zentner & Bullock (2003)
argue that non-standard inflationary scenarios could alter the initial
conditions for structure formation, yielding fewer satellites at lower
mass scales and alleviating small-scale issues such as the MSP.
Among these possible solutions, the study of the impact of
host halo properties has mostly been limited to host halo mass. In
N-body simulations, including the original simulation from which
the haloes in this work were drawn, the abundance of resolved
subhaloes is found to be directly proportional to the mass of the
host halo over several orders of magnitude in mass (e.g., Gao et al.
2004; Kravtsov et al. 2004; Boylan-Kolchin et al. 2010). However,
other halo properties, such as halo concentration and spin, correlate
with the subhalo population as well; incorporating their effects will
yield improved predictions of subhalo populations. This will enable
more direct comparisons of the satellite abundances around the
Milky Way to the subhalo populations of a halo whose properties
match our Galaxy’s.
In this paper, our first goal is to use high resolution ΛCDM
zoom-in simulations for Milky Way-mass haloes (described in Sec-
tion 2.1) to explore the nature of the host-to-host scatter in sub-
halo populations. Our study seeks, in part, to determine which host
halo properties determine the distribution of subhalo abundance at
fixed host halo mass. We then make predictions for substructure
abundances in the MilkyWay which incorporate observational con-
straints on the properties of its host dark matter halo, and explore
the impact on the missing satellites problem.
A variety of data has provided constraints on various properties
of the dark matter halo which hosts the Milky Way other than its
total mass. For example, kinematics of halo stars (e.g., Deason
et al. 2012) and masers (Nesti & Salucci 2013) have constrained the
MNRAS 000, 1–24 (2018)
Predictably Missing Satellites 3
MilkyWay halo concentration by constraining its mass distribution,
while the tidal stream of the Sagittarius dwarf (Law & Majewski
2010; Vera-Ciro & Helmi 2013) has constrained the halo’s shape.
We may grossly infer its angular momentum as well. For example,
Licquia et al. (2016) show that the Milky Way’s stellar disk has
a scale length roughly a factor of two lower than would be typical
given its mass (or luminosity) and rotation speed, lying further from
the luminosity-velocity-radius relation than roughly 90% of spirals.
This small scale length would be expected to be related to its halo
spin parameter (Mo et al. 1998). As a result, the atypical scale
length of the Milky Way suggests that its dark matter halo may also
be unusual; wewish to explore any impact this has on the abundance
of subhaloes in our Galaxy.
The “tailor-made” prediction ofMilkyWay subhalo abundance
which we obtain in this paper is relevant to our interpretation of the
small-scale challenges to ΛCDM in many ways. Suppose, for in-
stance, that we assume the most conservative scenario in which any
small-scale issues can be completely resolved by invoking baryonic
processes rather than by introducing any new physics. We will show
in this paper that it is reasonable to expect that the Milky Way
host halo includes roughly one-fourth fewer than average smaller
subhaloes and as much as three-fifths fewer than average larger sub-
haloes than would be typical given its mass, based upon the correla-
tions of satellite abundance with other Milky Way halo properties.
In that case, the impact of baryonic physics on the MSP and TBTF
problems must be significantly smaller than has been assumed in
the past (as otherwise we have observed more satellites around the
Milky Way than would be expected in ΛCDM).
This has important consequences for the tuning of the
parametrized models of baryonic physics used in simulating galaxy
evolution. For example, if we suppose that the MSP is resolved
largely by baryonic feedback, then this feedback may need to be
significantly less efficient than previously thought, since the Milky
Way should be expected to have fewer subhaloes to begin with than a
typical halo of its mass. Such alterations to baryonic physics models
may have extensive impacts on simulations of dwarf galaxy forma-
tion and of galaxy evolution more generally. In addition, our study
also provides a theoretical context for interpreting the observed
satellite luminosity functions of Milky Way-like hosts that are out-
side the Local Volume (Geha et al. 2017), with which we can test
how impactful host halo properties are on the satellite populations
by correlating them with proxies for halo properties such as disk
scale length. The general strategy that we describe and advocate in
this manuscript will become increasingly useful as more and more
becomes known about the Milky Way galaxy and the halo of the
Milky Way.
The structure of this paper is as follows. First, in Section 2 we
describe the basic host dark matter halo properties we focus on in
this paper – spin, shape, concentration, and merger history – and
describe what is known about each for the Milky Way. In Section 3,
we show that host halo properties are strongly correlated with the
total abundance of subhaloes above a threshold in circular velocity.
We then examine what model based upon the host halo properties
provides the best predictions for satellite abundance for MilkyWay-
like hosts, and evaluate that model using the observed properties of
the Milky Way host halo. In Section 4 we conclude that due to the
somewhat unusual formation history of the Milky Way’s host halo,
we expect that it should have fewer subhaloes than typical for its
mass, and discuss some implications and caveats. Additionally, in
the first Appendix (Section A) we explain the details of obtaining a
rough concentration estimate for theMilkyWaywhen incorporating
adiabatic contraction, and in the second Appendix (Section B) we
discuss in detail the numerical and mathematical techniques utilised
in this work and provide fitting functions for estimating subhalo
abundance based upon host halo properties.
2 MILKYWAY HALO PROPERTIES
The following subsections detail the host halo properties we use in
our analyses and include approximate estimates for the Milky Way.
We stress that the values for the Milky Way are subject to both
measurement and modelling errors. The most important take away
is the approximate rank of the Milky Way in order to compare it to
other dark matter haloes.
2.1 Zoom-in Simulations
In the analyses presented here, we use a set of zoom-in cosmolog-
ical simulations consisting of 45 Milky Way-mass haloes. These
haloes were selected from a 125Mpc h−1parent simulation con-
taining 10243 particles. The cosmological parameters for the sim-
ulations are ΩM = 0.286, ΩΛ = 1 − ΩM = 0.714, h = 0.7,
mass fluctuation amplitude σ8 = 0.82, and scalar spectral index
ns = 0.96. All of the Milky Way-analog haloes selected for re-
simulation fall within the mass range of Mvir = 1012.1±0.03 M .
The mass of the highest-resolution particles in the zoom-in simula-
tions is mp = 3.0 × 105 M h−1. The softening length within the
highest-resolution region is 170 pc h−1comoving. The lower limit in
Vmax for convergence is approximately 10 km s−1. For more details
on the simulation suite, refer to Mao et al. (2015).
We use the ROCKSTAR halo finder to identify haloes and sub-
haloes within each simulation. Halo masses and radii are defined
as virial values using the virial overdensity threshold ∆vir, which
has a value of ≈ 340 given the cosmological parameters from the
previous paragraph. Subhaloes are haloes whose centres lie within
the virial radius (Rvir) of a halo that has a larger maximum circular
velocity, Vmax = max[GM(< R)/R]1/2. We refer to any halo that
is not a subhalo as a host halo. In each simulation, we select every
subhalo that lies within 200 kpc of the host halo’s centre and has
Vmax > 10 km s−1. Generally in this paper, we use Vmax as a mea-
sure of the potential well depth in a subhalo. In the following, we
will often quote subhalo circular velocities in units of the maximum
circular velocity of the host halo, namely Vsatmax/Vhostmax , because sub-
halo demographics are approximately self-similar when scaled in
this way. Our resolution limit corresponds to a limit on this ratio of
Vsatmax/Vhostmax > 0.065.
Halo properties (e.g., concentration, spin, and so on; see be-
low) are all computed as described in the ROCKSTAR documentation
Behroozi et al. (2013).
2.2 Concentration
On average, CDM haloes can be described by a universal density
profile which is approximated well by the Navarro, Frenk, & White
(NFW) profile of Navarro et al. (1996). The NFW profile can be
written as
ρ(r) = ρcharrvir
rs
(1 + rvirrs )2
, (1)
where ρchar is the characteristic overdensity, rvir is the virial radius,
and rs is the scale radius. The scale radius of a halo is most often
MNRAS 000, 1–24 (2018)
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expressed through the concentration parameter cNFW, which is the
ratio of the halo virial radius to the halo scale radius,
cNFW =
rvir
rs
. (2)
The concentration parameter characterises the degree to which the
mass of the halo is concentrated toward the halo centre. Concen-
tration is known to be a slowly-declining function of halo mass
(Navarro et al. 1997; Bullock et al. 2001a); it has previously been
found to correlate with subhalo abundance (Mao et al. 2015).
We can compare the concentration of simulated haloes in the
mass range of the Milky Way to the approximate constraints of the
Milky Way halo concentration, along with the haloes of galaxies of
the same Hubble type (SBb/c in the case of the Milky Way; Bullock
et al. 2001a; Navarro et al. 1997).ΛCDMmodels of 1012M haloes
have placed cNFW in the range of 11–21. However, the constraint
on “normal” Sb galaxies according to Klypin et al. (2002) is ex-
pected to be ∼ 10–17, based on statistical ensembles of haloes. It
is challenging to pin down an exact estimate of concentration for
Milky Way-sized haloes in dark matter-only simulation, as baryons
are expected to cause haloes to adiabatically contract and drive up
their concentrations (Eggen et al. 1962; Blumenthal et al. 1986; Mo
et al. 1998; Di Cintio et al. 2014), while feedback and/or mergers
can reduce halo concentrations. Concentration measurements of the
range 18–24 are expected for a Milky Way dark matter halo, where
the dark matter halo has been constrained with observations of dy-
namical tracers in the MilkyWay halo (Battaglia et al. 2005; Catena
& Ullio 2010; Deason et al. 2012; Nesti & Salucci 2013; Kafle et al.
2014; Zhai et al. 2018). These observations are expected to reflect
some degree of contraction of the halo, so we use a publicly avail-
able code, CONTRA (Gnedin et al. 2004), in order to estimate a
non-contracted concentration for the Milky Way. This process is
discussed in detail in Section A. We determine the concentration of
the Milky Way to be cMWNFW = 15.13
+1.35
−2.58, which we will use in our
modelling.
2.3 Spin
It has long been thought that proto-dark matter haloes acquire angu-
lar momentum due to tidal torques from nearby overdensities (e.g.,
Peebles 1969; Doroshkevich 1970; Efstathiou & Jones 1979; White
& Rees 1978). The resulting angular momentum is often parameter-
ized using a dimensionless quantity called the spin parameter. The
two most common definitions of the halo spin parameter are
λP =
Jvir |E |1/2
GM5/2vir
(3)
and
λB =
Jvir√
2MvirrvirVvir
, (4)
where Mvir, Jvir, E , Vvir, and Rvir are respectively halo virial mass,
total angular momentum within the virial radius, total energy of the
halo relative to a zero point at infinity, halo virial velocity, and the
halo virial radius. The first of these, λP, is generally referred to as
the Peebles spin parameter and quantifies the angular momentum
of the halo in units of the angular momentum necessary to support
the halo assuming that all particles are on circular orbits (Peebles
1980). The Bullock spin parameter, λB, is a convenient definition
for cases in which halo energies are not readily available (e.g., in
most numerical simulations; Bullock et al. 2001b). In this work we
use only the Bullock spin parameter.
Dark matter haloes are mostly supported by the random mo-
tions of their particles instead of rotation, so typical values of the
spin parameter are quite small, with the median spin value being
∼ 0.05 and ranging from 0.02 − 0.11 (Barnes & Efstathiou 1987).
Since spin characterises the angular momentum of the halo, there is
expected to be a correlation between halo spin parameter and galaxy
morphological type (with rotationally-supported galaxies found in
haloes of greater spin). For example, Vitvitska et al. (2002) and
Klypin et al. (2002) have estimated that Sb galaxies should reside in
haloes with spins in the range λSbP ∼ 0.02 to 0.10 (90% confidence
region). Simple galaxy formation and evolution models, such as the
classic model of Mo et al. (1998), suggest that for a fixed host halo
circular velocity, more compact disks form within haloes of lower
spin. Therefore, given that the Milky Way has a more concentrated
stellar disk than is typical for a galaxy of its mass, we would also
expect it to have a lower spin (Mo & Mao 2000). As an exam-
ple, the Mo et al. (1998) model for disk formation in hierarchical
cosmologies in particular predicts that
λP =
2.0RdVc(|E |)1/2
GM3/2vir
(
md
jd
)
, (5)
with the relation from Bullock et al. (2001a)
λB ' λP f (cv)1/2, (6)
where jd =
Jd
J is the angular momentum fraction or the disk angular
momentum divided by the total angular momentum, md =
Md
M
is the disk mass fraction or the disk mass divided by the total
mass, Rd is the disk scale-length, Vc is the circular velocity, and
f (cv) ' [2/3 + (cNFW/21.5)0.7] (Mo et al. 1998; Mao et al. 1998).
For typical concentrations of cNFW ' 10, f (cv) is of order unity.
This is what we will adopt for our work.
For simplicity, we use the Mo et al. (1998) assumption that
md
jd
= 1 for an NFW halo. This is based upon the assumption that
the specific angular momentum of what forms the disk and the
halo are the same; however, recent simulations suggest that this
idealisation may be suspect (Teklu et al. 2015; Jiang et al. 2018).
Recent estimates of the Milky Way parameters include disk scale
length (Rd = 2.71+0.22−0.20 kpc from Licquia et al. (2016), consistent
with other measurements (e.g., McMillan 2011; Bland-Hawthorn
& Gerhard 2016)), circular velocity (Vc = 219 ± 20 km s−1 from
Reid et al. (1999) and Dutton & van den Bosch (2012)), and virial
mass (Mvir = 1.3 ± 0.3 × 1012M). Putting these together, we
estimate λMWB = 0.0332 ± 0.0105 for the Milky Way. For com-
parison, Kafle et al. (2014) uses contrasting values for the Milky
Way based on kinematics from giant stars, Rd = 4.9 ± 0.4 kpc and
Mvir = 0.8+0.31−0.16 × 1012M , which yields λB = 0.0975 ± 0.0432
for the Milky Way (or λB = 0.0596 ± 0.0193 if we use the same
Mvir as in our calculation). In all three cases errors are calculated
by propagation of errors.
Our estimate of λMWB = 0.0332 ± 0.0105 is consistent with
the results of Dutton & van den Bosch (2012), which use a slightly
different approach and slightly different (older) estimates of Milky
Way properties. This λMWB will be the Milky Way mean and σ used
in our analysis. We emphasise that we are not looking to calculate
a precise λB for the Milky Way - we are more interested in the rank
of the Milky Way’s spin, and whether it correlates with disk size,
as it would in a Mo et al. (1998) model. Although recent studies
have challenged this model, we will take the classic approach. Ad-
ditionally, as we will show in Section 3, the spin parameter has a
sub-dominant effect on subhalo abundance.
MNRAS 000, 1–24 (2018)
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2.4 Shape
Dark matter haloes in ΛCDM are not spherical but, rather, more
nearly triaxial ellipsoids. The shapes of CDM haloes are com-
monly described by the ratios of their principal axis ratios, b/a
(the intermediate-to-long axis ratio) and c/a (the short-to-long axis
ratio). Generally, CDM haloes are close to prolate (Allgood et al.
2006), with c ∼ b < a. Therefore, for simplicity we quantify halo
shape using c/a. Halo shape is highly dependent on the merger his-
tory of the halo. The more recent a merger, the less spherical a halo
will be and the longest axis of the halo typically correlates with the
impact direction of the most recent merger event. Generally, haloes
at fixed mass that have formed earlier tend to be more spherical
(c/a ∼ 1.0; Schneider et al. 2012; White 1996), and more massive
haloes tend to be less spherical (c/a < 1.0; Macciò et al. 2007).
Constraints on the shape of the dark matter halo which hosts
the Milky Way are relatively weak. Through various gas and stellar
streammeasurements, density profile estimates, and simulations, the
Milky Way is approximated to be quasi-spherical, with c/aMW '
0.72–0.8 according to Law & Majewski (2010) and Vera-Ciro &
Helmi (2013) when incorporating measurements from the Sagittar-
ius stream. Therefore the estimated value for the Milky Way we use
in our analysis is c/a = 0.76, σc/a = .02.
2.5 Halo Merger History
Halo merger history is also correlated with subhalo abundance.
Earlier forming haloes have been shown to have less substructure
(Zentner et al. 2005; Jiang & van den Bosch 2016; Mao et al. 2018).
Host haloes that assembled earlier are expected to end up with less
mass in subhaloes because there has been more time for accretion
by the host.
There is good evidence from chemo-dynamical studies (e.g.,
Ruchti et al. 2015) and other work that the Milky Way has had a
quieter accretion history than typical. It appears that the Galaxy has
not had any substantial mergers since the formation of its galactic
disk (≈ 9–12 Gyr ago; Unavane et al. 1996).
For simplicity, we characterise merger history in terms of the
scale factor of the Universe at the time of a halo’s last major merger,
aLMM = 11+zLMM . For the zoom-in simulations used in this paper,
we define a major merger as one with a mass ratio > 0.3 (which
implies that a merger like the currentMilkyWay–Sagittarius merger
would be classified as a minor merger, as expected by current mass
estimates). Using the limits of 9–12 Gyr for the Milky Way’s last
major merger we convert to z = 1.33−3.55 and aMWLMM = 0.43−0.22
respectively of which we select the median aMWLMM = 0.325), using
WMAP9 cosmological parameters (which match the simulation
parameters closely; cf. Section 2.1). The choice of cosmology has a
minuscule effect on this estimate in comparison to the uncertainty
in the time since the last major merger.
2.6 The Milky Way Halo Compared to Other Dark Matter
haloes
Figure 1 depicts the joint distributions of the spin (λB), concen-
tration (cNFW), shape (c/a), and last major merger scale (aLMM)
parameters of the 45MilkyWay-size halo simulations that we study.
Each host halo from a zoom-in simulation is depicted as a circular
or triangular point in purple or blue respectively. The blue triangular
haloes correspond to the five nearest neighbours to the Milky Way
in the multi-dimensional space consisting of all the parameters plot-
ted, as we will discuss in Section B2. Our simulatedMilkyWay-like
haloes exhibit the same correlations between these properties found
in prior work. For example concentration and spin are known to be
anti-correlated (Macciò et al. 2007), and shape and merger history
are expected to be correlated (Allgood et al. 2006).
The region of Fig. 1 in which Sb galaxies’ haloes are thought
to reside is shown by the orange dashed region. We highlight this
regime to enable comparisons to the estimated parameters of the
Milky Way halo, since the Milky Way is generally classified as an
SBb/c galaxy. In the case of aLMM, a value is quoted only for our
Galaxy, denoted by the black dashed lines, as we are not aware of
prior work on major merger scale parameters for Sb galaxy dark
matter haloes.
The black points with the error bars represent the estimated
parameters of the Milky Way host halo from the literature; their
provenance is described individually above. As is evident, theMilky
Way lies closer to the outskirts of the multidimensional distribution
in each projection. In particular, theMilkyWay halo appears to have
a somewhat low spin, high concentration, more spherical shape, and
a longer lookback time to the last major merger than a typical halo
of the same mass. The concentration, shape, and lookback time of
the Milky Way is expected to be consistent with the Galaxy’s more
compact stellar disk than average at fixed luminosity.
We have demonstrated that the Milky Way may well be an
outlier in the distributions of several halo properties. One of these
properties, concentration, was previously found to correlate with
subhalo abundance (Zentner et al. 2005; Mao et al. 2015; Jiang &
van den Bosch 2016). Indeed, it is not unreasonable to suspect that
other properties correlate with subhalo abundance as well, partic-
ularly because halo spin and shape are so strongly associated with
halo merger activity. In the following section, we will investigate
the correlations between host halo properties and subhalo abun-
dance and use these correlations to make predictions for subhalo
demographics within haloes resembling that of the Milky Way.
3 SUBHALO ABUNDANCES IN MILKYWAY-LIKE
HALOES
In this section we investigate the relationships between the host
halo properties described above and the abundance of subhaloes
in each simulated Milky Way-like halo. We will then incorporate
the correlations observed into a prediction for subhalo abundances
within haloes resembling that in which the Milky Way resides.
3.1 Halo Properties and Subhalo Abundances
We begin with a simple statistical search for correlations. Table 1
shows the Spearman correlation coefficient between the host halo
properties. The Spearman (or ranked) correlation coefficient (ρ)
measures the strength and direction of a monotonic relationship
between two ranked variables (Myers et al. 2003). The coefficient
can range from +1 to −1, where the extremes indicate that each of
the variables is a strictly monotone function of the other, so that
that ranks within lists of the two variables are perfectly associated.
The p values is a way of investigating whether we can accept or
reject the null hypothesis that there is no monotonic association
between the two variables. We set our threshold at p < 0.05, or a
less than 5% chance that the relationship found (or any stronger
relationship) would happen if the null hypothesis were true. In
Table 1 the numbers above the diagonal denote ρ and the numbers
below the diagonal denote p. The table is colour-coded according
to the correlation coefficient: values of ρ near 1.0 are shown as red
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Figure 1. Plots of all possible combinations of the host halo parameters investigated in this paper. The orange dashed region indicates the range of estimated
values for Sb galaxy host haloes; these have morphology similar to the Milky Way (which is estimated to be SBb/c). The black dashed regions shown in aLMM
are values quoted only for the Milky Way due to no known work on major merger scales of Sb galaxy dark matter haloes. The black point with errorbars
represent the estimated properties for the Milky Way host halo described in Section 2. We emphasise that these are approximate estimates and in many cases
are difficult to constrain well. The blue triangle points are the 5 nearest neighbours to the Milky Way within this four-dimensional parameter space; their
identification is discussed in Section B2. The Spearman correlation coefficient and p-values for all of the correlations shown here are presented in Table 1. The
Milky Way lies at the outskirts of each of these projections. Known relationships between host halo properties have been reproduced by our simulations.
while ρ near −1.0 corresponds to blue. The Spearman correlation
is sensitive to both linear and non-linear relationships, and (unlike
the Pearson correlation coefficient) is robust to outliers. We use the
Spearman correlation becausewe are interested in testing for general
monotonic relationships between dark matter halo properties.
Focusing on the first column and row, we conclude that cNFW,
aLMM, and λB are all significantly correlated with subhalo abun-
dance. The shape parameter c/a still has a relationship with subhalo
abundance, but not as strong as for the other host properties.
Although no significant correlation between the abundance of
subhaloes and host halo mass is found here, this is almost certainly
due to the small mass range of the zoom-in haloes, such that the
variations in other parameters dominate. In the parent simulations
from which the re-simulated haloes were drawn, the number of
subhaloes is on average directly proportional to host halo mass.
We next investigate how each host property individually influ-
ences subhalo abundance. In Fig. 2 we present the mean cumulative
velocity function (CVF) of the subhaloes when host haloes are di-
vided into subsets according to their properties. The CVFs (top
panels) and ratio of each CVF to the average halo CVF (bottom
panels) are separated into quartiles according to each host halo
property considered here: cNFW, λB, c/a, or aLMM. The vertical
axis of the CVF (upper) plots is the average cumulative number of
subhaloes above a threshold in velocity, while the horizontal axis
is the corresponding maximum subhalo velocity normalised by the
maximum velocity of the respective host. The vertical axis in the
lower panel corresponds to the cumulative number of subhaloes for
a particular quartile divided by the average cumulative number of
subhaloes amongst all hosts.
The quartile curves shown in each panel are determined by per-
centiles in each respective host halo property. The > 75th percentile
bin for each panel includes 12 host haloes,while the other percentiles
have 11 host haloes each. For each halowe determine howmany sub-
haloes are in each of 20 logarithmically spaced Vsatmax/Vhostmax = V fracmax
bins; from this we can determine the cumulative number of sub-
haloes for each halo summing down to a given bin of V fracmax . The
mean CVF for the haloes in each quartile are shown as the red to or-
ange lines. Portions of the plots which lie below the resolution limit
described in Section 2.1 (i.e., with V fracmax < 0.065) are indicated by
the hatched region.
The black points represent the 11 classical satellites of the
Milky Way, using values from Xue et al. (2008); van der Marel
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Nsub
Nsub
Mvir
= 9.47 × 10 2
cNFW
= 8.57 × 10 1
aLMM
= 5.64 × 10 1
B
= 3.98 × 10 1
c/a
= 2.29 × 10 1
Mvir p = 5.36 × 10 1 = 9.78 × 10 2 = 3.32 × 10 2 = 8.66 × 10 2 = 6.61 × 10 2
cNFW p = 5.80 × 10 14 p = 5.23 × 10 1 = 6.68 × 10 1 = 3.87 × 10 1 = 4.75 × 10 1
aLMM p = 5.44 × 10 5 p = 8.29 × 10 1 p = 5.30 × 10 7 = 5.38 × 10 1 = 5.81 × 10 1
B p = 6.83 × 10 3 p = 5.71 × 10 1 p = 8.57 × 10 3 p = 1.39 × 10 4 = 2.84 × 10 1
c/a p = 1.31 × 10 1 p = 6.66 × 10 1 p = 9.82 × 10 4 p = 2.85 × 10 5 p = 5.90 × 10 2
1
0
1
Table 1. Table of Spearman correlation coefficients, ρ, and the corresponding p-values, p, amongst all of the host halo properties considered in our analysis:
the number of subhaloes (Nsub), the mass within the virial radius (Mvir), concentration (cNFW), the scale factor at the time of the last major merger
(αLMM = 11+zLMM ), the Bullock spin parameter (λB), and the halo shape (parameterised by the ratio of tertiary to major axis length, c/a). Above the diagonal
and denoted by ρ are the correlation coefficients. Below the diagonal and denoted by p are the corresponding p-values for each correlation. A value p < 0.05
corresponds to a correlation that is statistically significant at > 2σ, or a < 5% chance this relationship would be found if the null hypothesis of of no monotonic
association between variables is true. The values are coloured by the strength of their correlation: 1.0 is red and -1.0 is blue, as described in the colourbar.
Subhalo number is most strongly correlated with cNFW, αLMM, and λB in our simulations, followed by c/a and very weakly by Mvir (which is expected given
our small mass range).
& Kallivayalil (2014); Kallivayalil et al. (2013); Kuhlen (2010);
Boylan-Kolchin et al. (2012); Rashkov et al. (2012); McConnachie
et al. (2012) and Jiang & van den Bosch (2015) compiled in Table 1
of Jiang & van den Bosch (2015). The only kinematic information
available for theMilkyWay dwarf spheroidals is the line-of-sight ve-
locities of stars, which can be used to constrain the dynamical mass
of the dwarf. In the case of Sculptor, Draco, Leo II, Fornax, Sextans,
Carina, Leo I, and Ursa Minor, Kuhlen (2010) and Boylan-Kolchin
et al. (2012) use the Via Lactea II simulation or the Aquarius suite
of simulations, respectively, to assign weights to subhaloes in the
simulations according to how well they match the dynamical mass
of each respective Milky Way satellite, and then use the weighted
average of Vmax for those subhaloes as an estimate of the satellite’s
Vmax value. For example, Boylan-Kolchin et al. (2012) computes a
distribution function of possible Vmax by assigning a weight from
the estimated likelihood that each subhalo from their six randomly-
selected Milky Way-mass host haloes is consistent with the given
satellite’s mass. For the case of the Large Magellanic Cloud (LMC)
van der Marel & Kallivayalil (2014) uses proper motions and line
of sight velocity measurements of stars in the LMC in concordance
with a model of a flat rotating disk to estimate the circular velocity.
A similar treatment is done for the Small Magellanic Cloud (SMC).
In the case of Sagittarius, Jiang & van den Bosch (2015) uses the
relation Vmax = 2.2σline of sight (Rashkov et al. 2012) with the line
of sight velocity dispersion measurement (σline of sight) from Mc-
Connachie et al. (2012) in order to estimate its Vmax. The dwarf
spheroidal estimates from Kuhlen (2010); Boylan-Kolchin et al.
(2012) and van der Marel & Kallivayalil (2014) are all consistent
(within errors) with this relation.
A key assumption made is that the simulated haloes of a given
mass will match the kinematics of Milky Way satellites’ haloes of
the same estimated mass. In particular, the stellar content of these
satellites is only in the very central region (∼ 1 kpc) so extrapola-
tion beyond this stellar distribution is necessary to constrain Vmax.
Although using Vmax is less subject to extrapolating issues than the
total mass, Vmax will still depend substantially on the assumed dis-
tribution of dark matter for a galaxy of the observed size (Zentner
& Bullock 2003). The shape of the dark matter density profile may
vary substantially from an NFW profile. In the case for the work by
Boylan-Kolchin et al. (2012), the density profiles are not assumed
NFW or Einasto with all properties computed from the raw particle
data in order to get around this issue (but a general profile is still
indeed assumed).
To normalise these values to V fracmax we use the average Vmax
of the Milky Way after doing 10,000 bootstraps perturbing the
measured value from Xue et al. (2008) and Jiang & van den Bosch
(2015) of VMWmax = 170 ± 15 km s−1 by a Gaussian of the error.
This value was determined by using line of sight kinematic data
and connecting it with simulation data by finding the best matched
probability distributions. Our resulting Vhostmax = 170.22 km s−1 for
the Milky Way. This is consistent with our Milky Way-mass host
haloes, that have an average Vhostmax = 174.06 km s−1.
The shaded grey regions around the MilkyWay satellite points
indicate the 68% and 95% confidence regions from the effect of
measurement errors on each satellite Vmax. For each satellite, we
generate 10,000 Gaussian-distributed values randomly drawn from
the errors in each Vsatmax and then perturb the estimated value for
that satellite by the generated value. We emphasise that the goal
of including the Milky Way satellite points is strictly for reference
and not direct comparison, as our dark matter-only simulations
do not include the baryonic physics, feedback mechanisms, etc.
(see Section 1) that would be necessary to make the V fracmax values
from the simulations directly comparable to the MilkyWay satellite
characteristics.
The bottom panel of each plot, which depicts the ratio of
each quartile’s mean CVF to the overall average CVF, shows the
differences amongst the quartiles for a given property more clearly
than the raw cumulative velocity functions plotted in the top panel.
A dotted horizontal line at Nsat(> Vsatmax)/〈N〉 = 1 indicates where
there would be no difference between a given quartile and the mean.
The orange regions around Nsat(> Vsatmax)/〈N〉 = 1 corresponds to
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the 68% and 95% confidence region about this value from Poisson
errors for a quartile of 11 haloes.
The differences between the CVFs of quartiles divided ac-
cording to a given property allow us to investigate the relationship
between that property and subhalo abundance. In Fig. 2 it is clear
that at low velocities, the separation between the extreme quartiles
for every property shown is larger than the 2σ Poisson error. We see
the most significant separation when we divide samples according
to cNFW; this property also has the strongest correlation to Nsub
(cf. Table 1), consistent with the results from Zentner et al. (2005)
and the model developed by Mao et al. (2015). The next strongest
effect is associated with aLMM, as expected from predictions from
e.g., Zentner et al. (2005) and Jiang & van den Bosch (2016). Inter-
estingly c/a shows a more significant separation than λB in Fig. 2,
in contrast to Table 1. The higher concentration, lower spin, more
spherical, or earlier forming haloes – that is, those which are most
similar to the estimated properties of the Milky Way dark matter
halo in each characteristic – are all associated with having fewer
subhaloes.
We can conclude that at low velocities this set of four host
halo properties can help to predict subhalo abundance, given their
correlationswith that quantity.We expect this to be the case at higher
velocities as well, but there is too much noise due to low counts per
bin to draw a statistically significant conclusion from Fig. 2 at high
velocities. Physically we expect there to be far more subhaloes with
low Vmax than high, given the mass function of subhaloes (e.g.,
Moore et al. 1999; Bullock et al. 2000; Stoehr et al. 2002; Kravtsov
et al. 2006), making it the most important region to probe.
Having shown that we can identify host halo properties that
correlate with subhalo abundance, we next investigate what combi-
nations of these parameters provides the best predictions of subhalo
abundances for Milky Way-like dark matter haloes.
3.2 Predicting Milky Way Subhalo Abundances
To address this question, we have built power-law scaling relation
models which utilise various combinations of halo properties as
predictors for the cumulative number of subhaloes above a given
value of Vmax, in order to produce more accurate predictions of the
subhalo abundance for the Milky Way. We describe these models in
detail in Section B3 but summarise them here.
The first model considered is a relatively simple one, incor-
porating only cNFW to predict subhalo abundance; we refer to it
as our “one-parameter model” hereafter (the fit does incorporate a
second parameter setting the scale of the overall subhalo numbers at
a given velocity, however). This approach can be motivated by Mao
et al. (2015)’s conclusion that halo concentration provides sufficient
information to predict subhalo abundance in haloes of a given mass.
We compare predictions from this simple model to results from a
power-lawmodel built using an optimised combination of the exam-
ined host halo properties, which has greater statistical explanatory
power; we will refer to it as our “three-parameter model”, though
again it also incorporates a normalisation factor. We also compare
to a model that does not have the best statistical explanatory power,
but does not include concentration.
Specifically, the robust three-parameter model includes con-
centration, spin, and shape (as well as the assumption, motivated
by tests with larger simulations, that subhalo abundance is propor-
tional to mass). This specific set of parameters was chosen because
it had lower Akaike and Bayesian Information criteria (AIC and
BIC) than other models considered, which included all combina-
tions of the halo parameters used in this paper; quadratic terms
combining those parameters; and first order polynomial cross terms
e.g., cNFW × c/a, that had as many as 5 total parameters (apart
from a constant term). These low information criterion values in-
dicate that this model provides a better fit for subhalo abundances,
given the number of free parameters in the model, than any others
considered. Details of this evaluation are given in Section B3. This
model is expected to provide additional information as opposed to
just additional degrees of freedom, given its low AIC and BIC val-
ues. Although both models provide useful predictions of subhalo
abundances, we would expect the three-parameter model to always
provide a more accurate prediction than the one-parameter model,
as the one-parameter model is a special case of the three-parameter
model (so further optimisation via the other parameters can only
improve performance; see Table B1 and discussion). We also show
in Table B1 that the χ2 value of three-parameter model is 20%
better than for the one-parameter model.
The comparison three-parameter model includes spin, shape,
and scale factor at the time of the last major merger. This model
is chosen for comparison due to the dubious nature of the con-
centration measurement of the Milky Way, as well as a means for
comparing to a model without concentration. This model’s informa-
tion criteria are also shown in Table B1, which makes it evident that
this model is not the best combination of parameters for predicting
subhalo abundance. We use these three models to estimate subhalo
abundances for the Milky Way; by comparing their results we can
assess the robustness of our predictions.
We obtain the best predictions of subhalo abundances with a
model where the average number of subhaloes in a halo of given
properties has a power-law dependence on all relevant parameters,
as described in Section B3 and Section B4. We define such a power-
law model as:
Npredsub (> V fracmax) = k ×
∏
i
xαi
i
, (7)
where Npredsub is the predicted average subhalo abundance based on
halo properties, k sets the scale of the abundances, and αi is the
exponent for the ith halo parameter xi used in themodel (e.g., cNFW).
Because we are trying to predict the cumulative subhalo abun-
dance for the Milky Way even at relatively high velocity thresholds
where most haloes have few subhaloes, the Gaussian assumption
which underlies the method of least-squares linear regression is not
valid for this problem (following the usual rule of thumb that the
Poisson distribution can be safely approximated by a Gaussian only
for N > 25). Instead, we rely on a Poisson maximum likelihood
method to fit models, as it should provide accurate results even in
this regime. Specifically, we determine the parameter values which
maximise the likelihood of the observed set of subhaloes in the
simulations. Given the properties for the Milky Way discussed in
Section 2 in combination with the results from the maximum like-
lihood fits, we make a prediction for Nsub(> V fracmax) for the Milky
Way in 20 separate bins of V fracmax , i.e. we fit a separate model for
each threshold of V fracmax . The equations and algorithms underlying
our methods are discussed in detail in Section B4.
For each bin in V fracmax we can predict a cumulative number of
subhaloes for the Milky Way down to that velocity threshold by
substituting in the estimates of the Galaxy’s parameters discussed
in Section 2 for the xi in Equation 7, and using the k and αi values
resulting from the model fit for that bin. For example, in the case of
the one-parameter model we use the estimate of cNFW = 15.13 for
the Milky Way, and the k and αcNFW that result from the Poisson
maximum likelihood fit for a particular velocity threshold to obtain
a prediction for the corresponding element of the Milky Way CVF.
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Figure 2. Cumulative velocity functions Nsat(> V satmax/V hostmax = V fracmax ) of subhaloes for samples split according to various host halo properties. The black points
indicate the 11 classical Milky Way satellites (Mvir ' 1010M). The grey region around each point represent 68% and 95% confidence regions as a result of
Gaussian perturbations with amplitude given by the error in each satellite’s V fracmax . Separate cumulative velocity functions are shown for haloes divided into
quartiles by, from left to right: (a) concentration (cNFW), (b) spin (λB), (c) shape (c/a), and (d) scale factor at last major merger (aLMM); colour labelling is
indicated in each panel’s legend. In the bottom panel of each plot is shown the ratio of each curve to the average cumulative velocity function including all
host haloes. These normalised plots include a black dashed line at Nfrac(> Vmax)/〈N 〉 = 1 to indicate where there is no separation between the quartiles. The
orange regions around Nsat(> V fracmax )/〈N 〉 = 1 indicate the 68% and 95% confidence regions for a case with no deviation from the mean value due to Poisson
errors (given the average number of subhaloes and the total number of host haloes that fall in a quartile where we use 11). Portions of the figures below the
resolution limit of the simulations used, V satmax/V hostmax = 0.065 (described in Section 2.1), are depicted by the hatched regions. At low velocities the cumulative
velocity functions exhibit statistically significant separations amongst various host halo properties.
Fig. 3, Fig. 4, andFig. 5 depict the results of ourmodel fits, eval-
uated using the properties of the Milky Way host halo determined
in Section 2.6. The purple lines show the predicted cumulative ve-
locity functions (i.e., the subhalo abundance for each threshold in
velocity fraction considered) for the Milky Way from the one- and
three-parameter models, respectively. The dashed grey region indi-
cates the resolution limit of the simulations (which begins to have
effects below Vsatmax/Vhostmax = V fracmax = 0.065). The solid black line
shows the average CVF for the 45 host haloes. In the bottom panels
the dashed-dot black line at Nsat(> V fracmax)/〈N〉 = 1 is shown for
comparison to indicate no separation between the predictions and
the average CVF depicted by the solid black line (similar to Fig. 2).
Over-plotted in blue are the cumulative velocity functions for
the same 5 nearest neighbours to the MilkyWay that were indicated
in Fig. 1, Fig. B1, and Fig. B2 for comparison. The CVF for the
Milky Way classical satellites is again depicted by the black points,
as discussed in Section 3.
Uncertainties on our model predictions have been obtained via
bootstrap re-sampling. Specifically, we randomly select a set of size
N = 45 of our simulated MilkyWay-mass host haloes with replace-
ment (i.e., allowing the same host halo to be selected more than
once) and compute the maximum likelihood fit again 10,000 times.
For each bootstrap sample, we also draw a new set of Milky Way
halo properties from the probability distributions for each defined
by their uncertainties (Gaussian for spin, shape, and scale factor
at the last major merger, and two half-Gaussians for concentration
due to asymmetric errors, see Section B4). We can identify 68%
and 95% confidence intervals from these bootstrap samples as the
regions containing the middle 68% and 95% of bootstrap results
at a given velocity, respectively. The resulting confidence intervals,
which reflect only uncertainties in Milky Way halo properties and
the parameters of the subhalo abundance fits, are depicted by the
darker and lighter purple regions.
Additionally, with this bootstrapped sample we can investigate
the enlarged range of observed values expected from Poisson scatter
about the mean subhalo abundance. For every bin in each bootstrap
sample, we randomly generate a value from a Poisson distribution
with mean given by the predicted number of subhaloes within that
bin (Npredsub,l(> V fracmax,l)−N
pred
sub,l+1(> V fracmax,l), where l indicates velocity
bin number and Npredsub,l(> V fracmax,l) is the predicted cumulative num-
ber of subhaloes down to the minimum velocity of that bin). To
generate a CVF for that bootstrap sample we then add together the
randomly-generated values cumulatively, starting with the highest
velocity bin. The resulting values incorporate both the bootstrap
uncertainties and the Poisson scatter in subhalo abundances, with
the effects of covariance between velocity bins resulting from our
use of cumulative counts properly accounted for. The 68% and 95%
confidence intervals derived from the distribution of bootstrap val-
ues with Poisson scatter included are depicted by the darker and
lighter orange regions, respectively.
The distributions of predicted subhalo abundances for the
lowest-velocity bin above the resolution limit (V fracmax > 0.065) con-
sidering only uncertainties in Milky Way parameters and model fits
(purple) or including Poisson variation as well (orange) are shown
in Fig. 8. In this plot, shaded regions depict distributions just above
the resolution limit and outlined histograms correspond to a bin at
the high V fracmax end before bin counts are dominated by zero. The
extents of the 68% and 95% confidence intervals corresponding to
these histograms are listed in Table 2.
In both models that include concentration the predicted CVF
for the Milky Way lies below the average for the Milky Way-mass
dark matter haloes up to 1σ. However, this is not the case for the
model that does not include concentration. This means that concen-
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Figure 3. Top panel: Cumulative velocity function for theMilkyWay from a
one-parameter scaling relationmodel which predicts subhalo abundance as a
function of halo concentration. The purple line corresponds to the prediction
of the model at each threshold value of V fracmax for the Milky Way, based on
the MW halo’s estimated properties. The solid black line corresponds to the
average CVF for all of the 45 zoom-in host haloes, while the blue lines are the
CVFs for the five nearest neighbours to the Milky Way in parameter space,
as indicated in Fig. 1 and described in Section B2. The darker and lighter
purple regions indicate the 68% and 95% confidence regions about the
purple prediction line due to uncertainties in both fit parameters (evaluated
via bootstrap re-sampling) and in Milky Way properties (evaluated by re-
drawing values from Milky Way parameter uncertainties before evaluating
the models). The darker and lighter orange regions indicate 68% and 95%
confidence regions which incorporate Poisson scatter in subhalo abundances
aswell.Bottompanel: Ratios of theCVFs to the averageCVFof all simulated
Milky Way-like haloes. The one-parameter model predicts that the Milky
Way’s host halo should have (at 68% confidence) 12–30% fewer subhaloes
than average at the lowV fracmax end and 19–45% fewer subhaloes than average
at the highV fracmax end (though Poisson scatter can dwarf this effect, especially
at highV fracmax ) compared to an average dark matter halo of the same mass.
tration is a critical component when examining subhalo abundances
in relation to host halo properties, which is evident from Fig. 6 and
Fig. 7 (which is also not surprising since, as discussed in Section 3.1
and seen in Table 1 concentration is by far the parameter most corre-
lated with subhalo abundance). The former depicts one-parameter
models based on the total theoretical range of concentration val-
ues of a halo of similar mass or morphology to the Milky Way
(see Section 2.2. These models are identical to the one-parameter
model, but a different concentration is used for plotting (i.e., the
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Figure 4. As Fig. 3 but for a three-parameter scaling relation model, which
predicts subhalo abundance as a function of concentration, spin, and halo
shape. The three-parameter model has a less significant prediction than the
one-parameter model due to the buildup of error. This model predicts that
the MilkyWay’s host halo should have 1–24% fewer subhaloes than average
at the low V fracmax end (at 68% confidence) and 22–52% fewer subhaloes at
the high V fracmax end. Again, additional error from Poisson scatter can dwarf
this effect, especially at highV fracmax .
xi in Equation 7). The mean concentration of haloes in our simu-
lations is 11.63. A halo with a concentration larger than that mean
is consistent what having a noticeably smaller predicted subhalo
abundance. Additionally we find that the tail at the high V fracmax end
is more sensitive to concentration than the overall normalization
(concentrations smaller than 9 predict more massive subhaloes than
average). The latter depicts one-parameter models for the estimated
values of the Milky Way host halo properties as described in Sec-
tion 2. This shows that concentration is the strongest predictor for a
Milky Way-like halo to having fewer subhaloes, followed by shape,
scale factor at the last major merger, and spin last.
Based upon the two superior models, we can conclude that
the Milky Way host halo could have fewer subhaloes than would
be typical of a halo of its mass (or should, if we take the mean
to be representative). At the low V fracmax end, at 68% confidence not
accounting for Poisson scatter we should expect 12–30% fewer sub-
haloes than average based on the one-parametermodel, or up to 22%
fewer subhaloes based on the three parameter model, when incor-
porating uncertainties in the subhalo abundance fits and Milky Way
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Figure 5. As Fig. 4 but a three-parameter scaling relation which predicts
subhalo abundance as a function of spin, shape, and scale factor at the
last major merger (we have essentially exchanged cNFW for aLMM). The
predictions for this model are substantially different from the models that
include concentration. This model predicts that the Milky Way’s host halo
should have up to 17% fewer to 2% more ubhaloes than average at the low
V fracmax end (at 68% confidence), and 4–35% fewer subhaloes at the highV fracmax
end. We emphasize that the blue lines denote the same haloes discussed in
Section B2 and shown in previous plots (Fig. 1, Fig. 3,Fig. 4, etc). Namely
these are the haloes most similar to the Milky Way across all four parameter
spaces, which includes concentration.
parameter values. These percentage ranges are similar, but larger at
high Vmax, when Poisson scatter is accounted for. At the high V fracmax
end the mean prediction is even smaller compared to the average
(19–52% fewer subhaloes), but uncertainties in fit parameters and
fractional Poisson scatter are greater, making the presence of satel-
lites as large as the Magellanic Clouds rare but not extraordinary.
Additionally, despite the three-parameter model without concentra-
tion being much less robust (see Table B1), it still predicts as many
as 17% fewer subhalo at low V fracmax and up to 35% fewer subhaloes
at high V fracmax at 1σ.
The differences between the predicted cumulative velocity
functions of the two concentration basedmodels are relatively small.
This also demonstrates that a simple concentration-based model
is adequate for describing subhalo abundances in Milky Way-like
haloes to first order, consistent with the results from Mao et al.
(2015) and Fig. 7. This is no surprise, given cNFW’s close relation-
ship to the other parameters. For example, when we repeat the same
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Figure 6. A CVF of one parameter models depicted with all possible theo-
retical values of concentration for haloes at the same mass and morphology
as the Milky Way (see Section 2.2). The model is computed in exactly the
same way as for Fig. 3, and then plotted for various concentration values.
haloes of concentration greater than ∼ 12 are consistent with having fewer
subhaloes. The high-V fracmax tail is more sensitive to the concentration than the
overall normalization.
analysis with a one-parameter model using the next-most correlated
property in Table 1, aLMM, only 0 − 20% fewer subhaloes than
average are predicted at low V fracmax , while the results are unstable at
high V fracmax . cNFW is significantly more tightly correlated with Nsub
than the other host halo properties considered.
As discussed in SectionB3, the three-parametermodel predicts
subhalo abundances for the simulated haloes with smaller scatter
than the one-parameter model. As a result, at first glance one would
expect this model to also yield more compact confidence intervals
for the abundance of subhaloes around theMilkyWay, but in Table 2
the opposite holds true (e.g., the 95% confidence interval including
all sources of scatter spans 41% in the one-parameter model versus
50% in the three-parameter model with concentration). This can
be explained at least in part by the uncertainties in Milky Way
halo properties beyond concentration, the effects of which will alter
the confidence intervals for the three-parameter model, but not for
the one-parameter case. Specifically, the three-parameter will be a
better model in the future when there are better constraints on the
properties of theMilkyWay. Otherwise the errors on the parameters
propagate into the errors of the subhalo abundance estimate.
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Figure 7. A CVF of one parameter models depicted with estimated values
of MilkyWay host halo parameters (concentration in green, shape in orange,
spin in blue, and scale factor at the last major merger in pink), as described
in Section 2. It is clear that concentration is the strongest predictor for a
far from average subhalo abundance, which is expected given Fig. 6, and
the tight correlation between concentration and subhalo abundance seen in
Table 1. The next strongest deviation comes from shape, followed by scale
factor at the last major merger, and lastly spin (which is very close to the
average).
Fig. 3, Fig. 4, and Fig. 5 make clear that at V fracmax above ∼0.2
the typical halo whose properties match the Milky Way’s will have
even fewer subhaloes compared to the average - a deficiency in
excess of 60%. This makes it somewhat more surprising that the
MW should have any relatively large satellites such as the Large and
Small Magellanic Clouds (LMC and SMC) or Sagittarius (the SMC
and Sagittarius correspond to the two highest-Vsatmax points in each
figure; the LMC is off the plot range with Vmax = 91.7 km s−1),
as more massive satellites are rarer in the haloes most like the one
which hosts our Galaxy.
With these results we can define fits for the parameter ex-
ponents, αi , and the scale k as functions of V fracmax for both the one-
parameter and three-parametermodelswhich include concentration,
as those are the superior models. These functions can be used in
order to determine a CVF for any set of host haloes. The functions
and process is described in Section B5.
Uncertainty 68% 95%
One-para. Bootstraps 0.70–0.88 0.64–1.05
Three-para. Bootstraps 0.76–0.99 0.69–1.19
Three-para. No cNFW Bootstraps 0.83–1.02 0.71–1.13
One-para. Poisson 0.68–0.90 0.59–1.09
Three-para. Poisson 0.74–1.01 0.64–1.22
Three-para. No cNFW Poisson 0.29–1.05 0.62–1.17
Table 2. Table of 68% and 95% confidence intervals for the total abundance
of subhaloes above the resolution limit (V fracmax > 0.065) predicted for the
Milky Way (or what we refer to in the text as low V fracmax ). All calculations
are done using the power-law models defined by Equation 7. We consider
separate confidence intervals for the mean subhalo abundance of a Milky
Way-like halo, which include only the uncertainties from subhalo abundance
fitting and Milky Way halo parameter uncertainties (labeled as ’Bootstrap’
confidence intervals here); and confidence intervals which also include the
impact of Poisson scatter about that mean abundance (labeled as ’Poisson’).
We provide results for the one-parameter model, the three-parameter model,
and three-parameter model without concentration
. All confidence intervals are calculated from the total cumulative predicted
subhalo abundance above the resolution limit ofV fracmax = 0.065 divided by
the mean total measured subhalo abundance (Npredsub /〈Nmeassub 〉) above this
limit. These confidence intervals correspond directly to the shaded regions
depicted visually in Fig. 8.
3.3 Halo Properties and Subhalo Scaling Relations
As briefly mentioned previously, the issue of ’too-big-to-fail’
(TBTF) refers to the overabundance of specifically massive and
dense subhaloes predicted from CDM simulations in comparison
to the number of luminous satellites that the Milky Way has been
observed to host (Boylan-Kolchin et al. 2011, 2012; Tollerud et al.
2014, etc.). The TBTF has been formulated in many different ways;
themostwell known is throughN-body simulations that showMilky
Way-mass hosts should host 6–10 subhaloes with a potential well
depth ofVmax > 25 km s−1 (e.g.,Madau et al. 2008; Boylan-Kolchin
et al. 2011; Jiang& van den Bosch 2015). This is not consistent with
observations around theMilkyWay; only the LMC and SMC fit into
this criteria. Another formulation of TBTF is in terms of density.
The central densities of MilkyWay satellites that have been inferred
from kinematics are too low compared to the central densities of
their dark matter subhalo counterparts (Boylan-Kolchin et al. 2011;
Purcell & Zentner 2012; Jiang & van den Bosch 2015).
In quantitative terms, the density formulation of the TBTF
is the statement that the classical dwarfs imply a larger radius at
which the maximum velocity is reached (Rmax) for a given maxi-
mum velocity (Vmax) than is typical of CDM subhaloes, or that the
subhaloes are denser then their kinematics suggest. We use Rmax
andVmax becauseNFWprofiles consist of two parameters, and these
are easily related to observed stellar kinematics. Subhaloes fall on a
narrow line in Rmax–Vmax space, seen in Zentner & Bullock (2003)
and subsequent papers. If the structural relation of Rmax and Vmax
varies systematically as a function of host halo property (as is the
case in our CVFs), this could hold an interesting implication for
TBTF— an implied relationship between subhalo density and host
halo property.
We have used ourmodel for satellite abundances inMilkyWay-
like haloes to investigate whether the TBTF issue can be related to
host halo properties. Specifically, we have measured the relation-
ship between the maximum circular velocity of subhaloes and their
maximum radius, dividing haloes up into quartiles based on host
halo properties as above. However, the results were inconclusive:
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Figure 8. Histograms of predicted total cumulative subhalo abundance below the resolution limit normalized by the mean measured subhalo abundance, where
errors constituting the purple histograms include uncertainties in fitting power-law models and uncertainties in the Milky Way host halo parameters (based off
just the bootstraps), whereas the orange histogram also incorporates uncertainties due to Poisson scatter about the bootstrapped relations. The filled histograms
correspond to the low V fracmax end just above the resolution limit, and the outlined histograms correspond to the high V fracmax end before the subhalo counts are
dominated by 0. The incorporation of Poisson scatter leads to a similar spread in predicted subhalo abundance at low V fracmax and a much larger spread at hight
V fracmax . The 68% and 95% confidence regions derived from these distributions are provided in Table 2. The one-parameter model predicts slightly fewer subhaloes
for the Milky Way than the three-parameter model,which both predict fewer subhaloes for the Milky Way than the model that does not include concentration.
i.e., any separation in the Rmax-Vmax plane for samples divided into
dark matter host halo property quartiles is relatively weak. We find
no statistically significant separation when dividing host haloes into
quartiles according to their halo concentration, spin, shape, or ma-
jor merger scale. Any unusualness in the properties of the Milky
Way halo cannot be used to explain structural differences between
the observed satellite properties and the expected characteristics of
subhaloes; rather, we find the best-fit scaling relations to be essen-
tially independent of halo properties. Improvements to this analysis
would require a much larger sample of Milky Way-mass haloes to
be re-simulated at high resolution.
4 CONCLUSION
In this paper, we have utilizedMilkyWay-mass zoom-in simulations
to investigate the sources of the scatter in subhalo abundances at
fixed mass (see Fig. 2). We particularly focus on predicting subhalo
abundance conditioned on properties of a host halo. Recent studies
of theMilkyWay have revealed that theMilkyWay has an unusually
small disk (Licquia et al. 2015; Bland-Hawthorn & Gerhard 2016;
Licquia et al. 2016), which in standard galaxy formation theory
would be related to unusual host halo properties; we have sought to
determine if the particular properties of our Galaxy’s halo would
also cause its expected satellite galaxy abundance to be unusual.
The aspects of the halo we have investigated are its concentration
(cNFW), spin (λB), shape (c/a), and scale factor at last major merger
(aLMM), as discussed in Section 2.
First, we conclude that based on current estimates of its prop-
erties the Milky Way’s host dark matter halo indeed lies at an
extrema compared to haloes of its mass from N-body simulations
(see Fig. 1). In particular, the Milky Way lies away from the me-
dian in the projections across the full parameter space (higher-than
average cNFW, lower than average λB, more spherical than average
c/a, and a very small aLMM). Next, from our N-body simulations
we have determined that the host halo properties considered are
significantly correlated with subhalo abundances for Milky Way-
mass dark matter haloes (Table 1); as a result, they can be used to
predict the cumulative velocity function of a given halo (Fig. 2).
haloes with lower-than average concentration host a greater number
of subhaloes than haloes with higher-than average concentrations.
Similarly, lower-than average spin haloes host fewer subhaloes than
higher-than average spin haloes, lower-than average (less spherical)
shaped haloes host fewer subhaloes than higher-than average shaped
haloes, and earlier forming haloes host fewer subhaloes than later
forming haloes. In concordance with estimates for theMilkyWay, it
should be expected that theMilkyWay should host fewer subhaloes.
Using the results from the simulations, we have built two sets
of scaling-relation models that predict subhalo abundance above a
given threshold velocity based upon the properties of a dark matter
halo. In the first model, we predict the subhalo abundance based
on a single parameter (at fixed halo mass), namely concentration
(cNFW). Our second model was a three-parameter model that condi-
tioned subhalo abundance on cNFW, spin (λB), and host halo shape
(c/a). We also compare to a three-parameter model that does not in-
clude concentration, due to the current limited understanding of halo
contraction making the Milky Way concentration a rough estimate.
We then evaluate these models with the estimated properties of the
Milky Way’s host dark matter halo to predict subhalo abundances
for our Galaxy.
The conclusion of this analysis is that we should expect a host
halo similar to the Milky Way’s to possess fewer subhaloes than the
average halo of its mass. However, the error on actual measurements
of the Milky Way dark matter halo also make the range of predicted
subhaloes consistent with no effect. We will focus our discussion on
the impact of the likely scenario that a halo like the Milky Way has
fewer subhaloes when utilizing host halo parameters beyond mass.
The central predicted values of our best models are well below the
mean, which implies a significant probability of a subhalo count
deficit. This result is summarized in Figures 3 and 4. Both classes
of model yield the same basic result: the Milky Way is predicted to
have 1–30% fewer subhaloes at low circular velocities (V fracmax) and
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19–52% fewer at high circular velocities than a typical halo of its
mass, at 68% confidence when considering only model fitting and
Milky Way parameter uncertainties. The decrement with respect
to the average cumulative velocity function of dark matter haloes
is itself a function of Vmax (i.e., a function of subhalo mass). The
effect is much larger than estimated uncertainties in the fitting and
in propagated Milky Way parameters. Current observations have
detected approximately 26 satellites around the Milky Way with
Vsatmax > 10 km/s (this does not include completeness correction
or any other corrections). The mean prediction of the one- and
three-parameter models estimate 127–135 total subhaloes around
the Milky Way, of which some fraction should host observable
satellites. At 1σ below the mean our models predict as few as
118–129 subhaloes around the Milky Way. In comparison the mean
subhalo number for theMilkyWaymass host haloes in our zoom-ins
is 169 total subhaloes withVsatmax > 10 km/s. The similar results from
both models indicates that the dominant effect is the relationship
between halo concentration, cNFW, and satellite abundance, Nsat,
as exemplified by Fig. 5,Fig. 6, and Fig. 7. It appears that a cNFW-
basedmodel is generally adequate for predicting subhalo abundance
in the mass range of theMilkyWay’s dark matter halo, though more
complicated models can yield smaller errors.
Additionally, we have found that variations in host halo proper-
ties do not have a statistically significant impact on the structure of
dark matter subhaloes themselves (at least as assessed using prop-
erties connected to TBTF within our sample; see Section 3.3). Only
the subhalo numbers (and hence the MSP) have been impacted by
taking host halo properties into account. A set of new halo resim-
ulations at a resolution 8× higher than those used in this work are
now under way and may enable improved investigation of the TBTF
problem.
The results described above suggest that a non-negligible frac-
tion of the ’missing satellites’ problems is a result of the unusual
formation history of the Milky Way. The halo of the Milky Way
formed early with very few recent major mergers, which resulted in
a more spherically-shaped halo. This also would be expected to lead
to a more centrally-concentrated dark matter halo— consistent with
the estimates shown in Fig. 1 as well as results from, e.g., Wechsler
et al. (2002); Zhao et al. (2003) and Ludlow et al. (2016). This
lack of major mergers should also lead to a relatively small angular
momentum of the Milky Way halo. This is consistent with previous
results showing that at all masses, haloes with lower spin tend to
be in less-dense regions and less strongly clustered (Gao & White
2007; Faltenbacher & White 2010; Villarreal et al. 2017), such that
many reside in environments resembling our Local Group. All of
these halo characteristics correlate with having a smaller number of
satellites. The results of our models are all consistent with scenarios
where the Milky Way’s low satellite abundance compared to sim-
ple ΛCDM predictions may in part be related to its quiet accretion
history as was speculated in Licquia et al. (2016).
However, the low subhalo abundance we predict for the Milky
Way dark matter halo based on its properties is not on its own
sufficient to explain the missing satellites issue. Other factors, such
as baryonic physics, must still play a role. In Section 1 we listed
several of the numerous solutions to the MSP. We will discuss how
our results tie in with those solutions below.
(i) Baryonic effects: Although our work has shown that we
should expect there to be fewer subhaloes than previously antic-
ipated for the Milky Way, the observations and predictions still do
not match. At the low velocity end we predict 5× as many sub-
haloes as have been detected to date. Baryonic physics that causes
any satellites in these subhaloes to be difficult to detect could ad-
dress this problem; the strength of baryonic effects required would
be smaller than previously estimated, however. Our results suggest
that the Milky Way begins with a state of up to ∼ 30% fewer small
subhaloes and up to ∼ 50% fewer larger subhaloes than average.
Baryonic effects do not need to be as efficient as proposed and can
use insight from host halo parameters to better tune models.
Zolotov et al. (2012) and Brooks et al. (2013) suggest that a
combination of supernova feedback and enhanced tidal disruption
caused by the presence of a baryonic disk can resolve the missing
satellites problem. However, simulations which recover a Milky
Way-like population of satellites in a typical galaxy of Milky Way
mass must be somewhat mis-tuned. That is, either feedback or tidal
effects from the baryonic disk must be weaker than was assumed
in the simulations of Brooks et al. (2013) in order to get a set of
satellites like those that surround our Galaxy when starting out with
fewer subhaloes than are typical.
Concentration is an indicator of formation time that may contain
more information about the global formation of a halo than simply
the time of the last major merger. In host haloes that accrete their
substructure earlier, tidal stripping will have longer to operate, de-
pleting subhalo abundances. This implies that the subhaloes within
our Galaxy’s halo were likely largely accreted relatively early com-
pared to those surrounding other galaxies (barring those associated
with the LMC and SMC which may be on their first infall (Besla
et al. 2007, 2010)) within the mass range of the Milky Way’s halo.
This may cause tidal stripping to have stronger effects in the Milky
Way system than is typical for a galaxy of its mass.
(ii) Non-cold dark matter and exotic physics: Similar argu-
ments apply to more exotic physics as to baryonic effects. If, for
example, a non-CDM dark matter model and/or some modification
to inflationwere invoked to alleviate theMSP and TBTF issue, those
modifications would need to be weaker than previously assumed,
given the smaller Milky Way subhalo abundance that we predict.
To summarize, when exploring potential factors affecting the
missing satellites problem and tuning models to match the Milky
Way’s satellite population, it is important to ensure that thosemodels
predict that a galaxy will have aMilkyWay-like satellite population,
not for an average halo of Milky Way host mass, but rather for one
which has Milky Way-like properties across the board.
We note that uncertainties on the mass of theMilkyWay’s dark
matter halo are sufficient that it may be as small as one half of the
value assumed when selecting haloes for resimulation in Mao et al.
(2015). Since the number of subhaloes is proportional to halo mass
in the parent simulations from which those haloes were drawn, we
would correspondingly expect a 50% smaller subhalo population for
a typical galaxy of Milky Way halo mass than what the simulation
results give (Wang et al. 2011). In combination with the differences
between the expected population of Milky Way subhaloes and the
population in a more typical galaxy implied by our model fits, this
would mean in net that a 3–4× reduction in the number of subhaloes
of the Milky Way halo (and hence the strength of the missing satel-
lites problem) compared to what was previously assumed is entirely
possible.
One outstanding anomaly is that, although the Milky Way
overall has fewer satellites than might be expected for the typical
halo of its mass, it actually has more of the most massive satellites
than average. Previous numerical and observational studies have
estimated that there is a 2.5–11% chance that a halo of the mass of
the Milky Way hosts two subhaloes as large and luminous as the
Magellanic Clouds (e.g., Busha et al. (2011)). Taking our Galaxy’s
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halo properties into account only increases this contrast. Fig. 3,
Fig. 4 and Fig. 5 show that at V fracmax above 0.2 the Milky Way
subhalo abundance is expected to be further below the average for
a halo of its mass than at lower velocities (with a decrement of up
to 50% of the standard prediction, considering only model fitting
and Milky Way parameter uncertainties). This makes the ’too-big-
to-fail’ problem even more of a puzzle. The Milky Way’s host halo
properties predict in our model that these large companions are very
unlikely in concordance with TBTF, yet the Milky Way hosts two
very massive companions. However, we note that the large Poisson
scatter in this regime tends to dwarf the suppresion of subhalo
abundances. It would be interesting to follow up this work with
an enlarged suite of re-simulated haloes that is more well-suited to
addressing the abundances of these large, rare subhaloes.
There are several important caveats to our results which are im-
portant to keep in mind when interpreting this work. First, existing
constraints on the Milky Way’s halo properties are in many cases
only rough estimates; this can propagate through into predictions of
satellite populations. We have discussed the issue of concentration
in detail in Section 2.2 and Section A, where adiabatic contrac-
tion results in higher concentrated and less NFW-like haloes which
is an issue that has not been explored in detail in the literature.
Additionally one might worry particularly about estimates of our
Galaxy’s spin parameter, as there is significant doubt that the con-
nection between disks and haloes is as tight as implied by the Mo
et al. (1998) model. Simple models of galaxy formation assume
that angular momentum conservation during collapse leads spiral
galaxies to have specific angular momenta comparable to the haloes
they reside in (Fall & Efstathiou 1980; Mo et al. 1998; Bullock et al.
2001a). However, simulation work by Jiang et al. (2018) shows that
the halo spin parameter is not significantly correlated with galaxy
size. Nonetheless, we remind the reader that it is concentration, and
not spin, that drives the bulk of the reduction in subhalo abundance
at fixed halo mass; changing the estimated spin parameter by a fac-
tor of two has a ∼ 5% effect on the predicted subhalo abundance at
low V fracmax and no noticeable effect at high V fracmax .
In this paper, we have focused entirely on the problem of dif-
ferences between the subhalo abundance in Milky Way-like haloes
versus the typical halo of the same mass. However, in exploring this
problem we have investigated two related issues which we will fo-
cus on in upcoming papers. First, we have investigated the influence
subhaloes have on measurements of dark matter halo properties in
simulations. This will provide us with a better understanding of the
quantities used as input for semi-analytic models, as well as poten-
tial differences between estimates of halo properties for real galaxies
versus measurements of those properties in simulations. Second, we
have explored the relationship between subhalo abundances and the
galaxy-halo connection. An interesting extension of this workwhich
we have not pursued to date would be a comparison of subhalo abun-
dances with the observed population of satellites around M31, or
with satellite populations around Milky Way analog galaxies. Disk
scale length (compared to expectations from the mass-size relation
of galaxies) could potentially be used to separate high-spin from
low-spin haloes of comparable mass, enabling an empirical test of
whether satellite abundance correlates with halo properties beyond
mass. Through such studies, data from current and upcoming sur-
veys (e.g., the SAGA Survey; Geha et al. 2017) have the potential
to provide us with more insight into the Missing Satellites and Too
Big to Fail problems.
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APPENDIX A: CONCENTRATION AND ADIABATIC
CONTRACTION
In order to compare the estimated concentration of theMilkyWay to
our darkmatter only data,wemust explore howadiabatic contraction
of the halo effects the concentration measurement. We do this by
employing CONTRA, a publicly available code that calculates the
contraction of a dark matter halo as a result of a central population
of baryons (Gnedin et al. 2004). This code assumes a spherically
symmetric distribution of matter for the dark matter halo (which
we know is not entirely accurate), and that the velocity distribution
is isotropic (which we know is also unlikely to be the case - the
velocity distribution varies throughout the halo). However, it is the
most simple model to begin with.
We explore results based upon the updated model for halo
contraction fromGnedin et al. (2004). The Blumenthal (Blumenthal
et al. 1986) model is the original standard model that has since
been updated. The Blumenthal model treats a halo as spherically
symmetric, which undergoes homologous contraction - spherical
shells that contact in radius but do not cross each other, with particle
orbits that are circular, and angular momentum is conserved. The
Gnedin model adds in a correction for gas dissipation, which better
accounts for effect from mergers and feedback from star formation.
It essentially allows for eccentricity in particle orbits that better
reflects a complex formation scenario.
The parameters used for input into CONTRA are those deter-
mined for the Milky Way from Bland-Hawthorn & Gerhard (2016),
were the baryonic fraction fb = 0.07 ± 0.001, the baryon scale
length Rb = 0.00957 incorporating the scale length of the disk
from Licquia et al. (2016), and we assume no velocity anisotropy.
We calculate an NFW fit to circular velocity where contracted con-
centration is a free parameter (we also studied a model allowing
mass to also be a free parameter which yielded similar results):
V(cNFW) = Vvir
√√
1
x
ln (1 + cNFWx) − cNFWx(1+cNFWx)
ln (1 + cNFW) − cNFW1+cNFW
(A1)
where x = rRvir with r as the contracted positions of the dark matter
particles from Contra,Vvir =
√
GMvir
Rvir
,Mvir = 1.3×1012M for the
Milky Way from Bland-Hawthorn & Gerhard (2016), Rvir = 282
kpc, and G is Newton’s gravitational constant. Data output from
CONTRA is log-spaced in 80 bins, so all of our analysis has the
same structure, and the errors are linear. In order for us to avoid
fitting to a more complex model (which would constitute its own
paper), we fit in the outer region of the halo (r > 20 kpc) in rotation
curve space in order to mitigate effects from the bulge and the disk.
This fit was calculated using scipy.optimize.curve_fit
from Jones et al. (2001), which is a form of non-linear least squares
fitting. The results are presented for two concentration values for
the Gnedin model in Fig. A1. The blue curves correspond to an
initial (pre-contraction) concentration of 10, and the orange curves
correspond to an initial concentration of 20. This spans the approxi-
mate theoretical range of NFW concentrations for theMilkyWay. In
both cases the solid lines depict what the rotation curve looks like
without any contraction (Equation A1). The over-plotted dashed
lines represent the contracted results output from CONTRA, and
the dashed-dot lines are the fit to Equation A1. It is evident that the
fit is not a good depiction of the CONTRA data. This implies that
for a fit to contracted data for a halo that most resembles the Milky
Way, NFW is not the best model even in the outer regions of the
halo where the fit matches the form of the non-contracted model
better than the contracted data.
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Figure A1. Rotation curves based on the Gnedin contraction model for two
initial NFW concentration values of 10 and 20, depicted by blue and orange
respectively. These concentration values fully span the theoretical range for
haloes of the samemass as theMilkyWay. In both cases the solid lines depict
what the rotation curve looks like without any contraction, which perfectly
matches to the fit of Equation A1 by design. The over-plotted dashed lines
represent the contracted results output from CONTRA, and the dashed-dot
lines are the fit to Equation A1. It is evident that the fit is not a good depiction
of the CONTRA data.
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Figure A2. This plot presents the contracted concentration as a result from
our fit as a function of the initial NFW concentration values input into
CONTRA, denoted by blue points. For comparison the black line shows the
1:1 ratio which would indicate no change in concentration. The differences
are relatively small, where, for example, a halo of NFW concentration of 10
is expected to have a concentration of 13.95 after contraction.
Fig. A2 shows the concentrations as a result of the contrac-
tion plotted as a function of their initial values. The differences are
small but notable. haloes starting with a higher concentration expe-
rience slightly more contraction, which is anticipated. Although we
reproduce the expected near 1:1 variance in concentration, the fits
themselves are poor.
Despite the inaccuracies in the fits to the adiabatically-
contracted profiles, we can take the resultant concentration from
the fit in order to calculate NFW concentration as a function of
contracted concentration. This is done using the Jones et al. (2001)
1D interpolator. There are a range of estimated values for the Milky
Way concentration using various dynamical tracers (a majority be-
ing blue horizontal branch stars) and various models. We incorpo-
MNRAS 000, 1–24 (2018)
18 C. E. Fielder et al.
rate results from Battaglia et al. (2005); Catena & Ullio (2010);
Deason et al. (2012); Nesti & Salucci (2013); Kafle et al. (2014)
and Zhai et al. (2018) in order to calculate the best estimate for
the Milky Way’s concentration post-contraction with a median and
median interval of 19.85+3.5−5.085. We re-map this estimate and errors
into non-contracted space, yielding a best result for the Milky Way
of cMWNFW = 15
+1.35
−2.58.
It is erroneous to say that a contracted halo similar to theMilky
Way has a concentration in the same sense that an NFW halo does,
for the case of a simple model. One reason for the bad fitting could
be the level that the Milky Way itself deviates from an NFW profile
- an NFW profile is the average for haloes and only good down to
∼ 10 − 20%. Another is the fact that there is velocity anisotropies
in the halo. These are issue that needs to be explored further in the
field, but is beyond the context of this paper.
APPENDIX B: NUMERICAL AND MATHEMATICAL
TECHNIQUES
In the appendices which follow, we discuss details of the numerical
and mathematical techniques used in this work. First, in Section B1
we describe our exploratory linear regression modelling using a
variety of combinations of host halo properties as predictors for
subhalo abundance. Next, in Section B2, we discuss the methods
used to select the five simulated haloes with properties nearest to
those of the Milky Way, which are indicated as blue points or lines
in Figs. 1, 3, 4, B1, B2. In Section B3, we discuss the selection of the
two models used in our final analyses based upon their information
criteria. In Section B4, we discuss in detail the Poisson maximum
likelihood methods used to fit power-law scaling models for the
subhalo abundance. Lastly in Section B5we provide a general fitting
function for satellite abundance.
B1 Regression Modeling
Our exploration ofmodels for the dependence of subhalo abundance
on halo properties starts with simple linear regressionmodeling.We
begin by developing models for the total abundance of subhaloes
per host halo, above the resolution limit described in Section 2.1
equal to V fracmax = 0.065. In that regime, there are > 100 subhaloes
per host halo, so Poisson errors in the abundance of subhaloes can
be approximated well by a Gaussian distribution. As a result, if we
restrict ourselves to purely linear models for simplicity, ordinary
least squares (OLS) regression provides an appropriate analysis
technique for our data.
Specifically, we regress the total number of subhaloes each host
has (our dependent variable) against the matrix of host halo proper-
ties considered in this paper (constituting the independent variables
in this problem). The host halo property distributions are more uni-
formly distributed in linear space (in the cases of concentration and
shape) or log space (for spin, last major merger scale, and mass), so
before we take any further steps the log of λB and aLMM are taken.
Additionally, before the regression is performed (but after log trans-
formations are applied), each set of properties is normalized to have
mean zero and variance one, enabling coefficients of different prop-
erties to be directly compared to each other.We utilize the Pedregosa
et al. (2011) sklearn.linear_model.LinearRegression class
for the OLS regression. We can compare the least-squares predic-
tions to the actual number of subhaloes in each halo to test to what
degree a given model explains the overall subhalo abundance.
B2 Nearest Neighbors
Throughout this workwe highlight the simulated host haloes that are
most similar to the Milky Way in their properties. Specifically, the
blue points or curves in our figures correspond to the five nearest
neighbors to the Milky Way properties in the multidimensional
parameter space of λB, cNFW, c/a, and aLMM (the simulated haloes
are already selected to have approximately the same mass).
We identify these neighbors incorporating the results of the
regression fits described in Section B1. Explicitly, we begin by
transforming the estimates of Milky Way host halo properties de-
scribed in Section 2 to the same scale as the halo properties used in
regression by subtracting off the mean and dividing by the standard
deviation of the values of that property amongst the simulated host
haloes. We then multiply each host halo property (and the corre-
sponding Milky Way values) by the regression coefficients for that
parameter from an OLS linear regression. We can then define a ’dis-
tance’ by the square root of the sum of the squares of the differences
of each of these re-normalized and re-weighted properties. This dis-
tance will be smallest for those haloes which most closely resemble
the Milky Way in the properties which most strongly determine
subhalo abundances.
For convenience we determine the nearest neighbors using the
scipy.spatial.KDTree() function from Pedregosa et al. (2011).
This function allows neighbors – that is, those haloes with smallest
distance from a given point in parameter space, using the metric
defined above – to be identified using a multidimensional binary
tree, also known as a k-d tree.
B3 Model Selection
In Section 3.2 we compare predictions for subhalo abundances
from two models of differing complexity that include concentra-
tion. These were selected out of a set of more than twenty different
models incorporating various linear combinations of host halo prop-
erties and their products, with up to five parameters per model in
total. The parameters for each model were determined using simple
linear OLS regression as discussed in Section B1. We also compare
to an inferior model that does not include concentration because of
the current difficult nature of measuring concentration for theMilky
Way.
The Akaike Information Criterion (AIC) and the Bayesian In-
formation Criterion (BIC) are two statistics commonly used for
informing model selection (Akaike 1974; Atkinson 1981). Adding
additional parameters will always tend to increase likelihood values
(or decrease chi-squared) when fitting models to a given dataset,
even if those parameters do not truly have intrinsic explanatory
power. The information criteria were introduced in order to penalize
goodness-of-fit measures based upon the number of free parame-
ters in a model in order to mitigate this issue. We have calculated
both quantities for all models investigated to determine which ones
provide the best fits to the data given their level of complexity; the
two models we focus on in this paper had the lowest AIC and BIC
values of any models considered that lack degeneracies when given
in power-law form. The information criteria can be defined as
AIC ≡ 2k − 2 ln(Lˆ); (B1)
BIC ≡ ln(n)k − 2 ln(Lˆ), (B2)
where k is the number of free parameters in the model, Lˆ is the
maximum likelihood value, and n is the number of data points (in
our case n = 45, corresponding to the 45 host haloes). For Gaussian
errors 2 ln(Lˆ) = −χ2 plus a constant, sowe use the latter quantity for
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simplicity in this case (as the number of subhaloes is large enough
that the Poisson distribution is very close to Gaussian, and only
differences in the information criteria are meaningful, so constants
do not matter). We calculate χ2 as
χ2 =
∑
j
(N j,meassub − N
j,pred
sub )2
σ2
j
, (B3)
where N j,meassub is the measured total subhalo abundance in the sim-
ulation above the resolution limit V fracmax = 0.065 for the j th halo,
N j,predsub is the predicted total subhalo abundance from a given model
for the j th halo, and σj is the uncertainty in the j th subhalo abun-
dance derived from the data, σj =
√
N j,meassub ; in this case we calcu-
late σj from the data values rather than a model both because N is
large (so using data values should give us a good approximation to
the predicted uncertainties if we knew the truemean abundance) and
to enable apples-to-apples comparisons of χ2 / AIC / BIC values
between different models.
We also use the root-mean-square deviation (σRMS) as a mea-
sure of the difference between predicted values from a given model
(in our case Npredsub ) and the measured values (N
meas
sub ). We calculate
this quantity as
σRMS =
√
〈(Nmeassub − N
pred
sub )2〉. (B4)
In other words, σRMS is a measure of how accurately a model is
able to predict the subhalo abundances measured in our simulations
(Weisstein 2018). It is worth keeping in mind that the root-mean-
square deviation, like chi-squared, is sensitive to outliers.
Table B1 provides the AIC, BIC, χ2, and σRMS values for
linear versions of the models used in Section 3.2, in addition to
power-law version of the models (which we describe in detail be-
low) and a model which assumes that subhalo abundance is only
determined by halo mass (in which case the least-squares prediction
is simply the average subhalo abundance, as halo mass is the same
for all the resimulated galaxies). In this section we focus on the
linear models, as those were used to select the best combinations of
parameters to investigate. In our case a three-parameter model that
includes linear dependence on halo spin, concentration, and shape
fares better on both information criteria, χ2, and σRMS than the
one-parameter model that incorporates concentration alone. This
three-parameter model performed better on both information crite-
ria than almost all of the linear OLS regression models investigated,
which included models linear in all the host halo parameters pre-
sented in Section 2, quadratic terms in those quantities, and cross
terms multiplying pairs of halo properties, with up to five total pa-
rameters, not including a constant term. The only exceptions were
models with cross terms that become degenerate with halo proper-
ties when converted into power law form, as in the models used in
Section 3.2. We expect this model to be a more robust predictor for
subhalo abundance. The three-parameter model without concentra-
tion is a much less robust model for predicting subhalo abundance.
We include solely for comparison due to issue with current Milky
Way concentration measurements as described in Section A.
Visual depictions of the one-parameter and three-parameter
OLS fits are shown in Fig. B1 and Fig. B2. The scatter plots in each
panel shows the residual value of the number of subhaloes when the
prediction from a linear model is subtracted, excluding that model’s
dependence on the independent variable shown in that panel. We
refer to this as Nmeassub − N
¬xi
sub where N
meas
sub is the number of total
subhaloes per host halo across the simulations above the effective
Model AIC BIC χ2 σRMS
Linear
One-para. 146.26 149.88 142.26 22.34
Three-para. 136.26 143.49 128.26 21.50
Three-para. No cNFW 462.11 469.34 454.11 39.92
Power law
One-para. 142.85 146.46 138.84 22.17
Three-para. 125.62 132.85 117.62 20.59
Three-para. No cNFW 450.16 457.39 442.16 39.21
Mass-only model 687.24 698.05 685.24 49.69
Table B1. Table of Akaike Information Criterion (AIC) Bayesian Informa-
tion Criterion (BIC), χ2, and σRMS values for the models used to estimate
subhalo abundance for the Milky Way within this paper. Values are first
listed for linear models which utilize one halo parameter (concentration)
or three (concentration, spin parameter, and shape); values are then listed
for power-law models incorporating the same quantities. We also provide
statistics for a model which does not incorporate any host halo parameters,
which implies that subhalo abundance is based on mass alone (as all of the
resimulated haloes have roughly the same mass). The three-parameter mod-
els have lower values for AIC, BIC, χ2, andσRMS in all cases compared to a
one-parameter model like that used inMao et al. (2015), indicating that such
models provide a better fit to the data even when penalizing them for their
extra free parameters. We present results based on both one-parameter and
three-parameter models in this paper in order to test the robustness of our
conclusions, but our results favor the three-parameter power law model as
superior to the others considered, and all halo-parameter-based models are
vastly superior to the results when ignoring halo properties. Differences in
AIC/BIC of > 10 are generally considered to provide very strong evidence
of a superior fit.
resolution limit of V fracmax = 0.065 and N
¬xi
sub is the predicted subhalo
number, excluding the effect of host halo property xi . In Fig. B1, this
means that what is plotted on the y axis is the number of subhaloes
minus the constant term of the fit; in Fig. B2 the constant term and
the dependence on all parameters but the one plotted are removed.
The over-plotted line in each panel is mi × xi , where mi is the
coefficient from the regression fit for the property xi ; i.e., each line
is the prediction of the regression model for the dependence on that
parameter. Our methods are based off those presented in section
7 of Prakash et al. (2016). In each plot the blue triangle points
correspond to the nearest neighbors to the Milky Way, as discussed
in Section B2. These scatter plots demonstrate that the results of
the regression look generally sensible, but the correlated pattern of
residuals indicates that a linear fit is an imperfect representation of
the data; as a result, we utilize power law dependencies in our final
models.
Fig. B3 depicts the distribution of coefficients derived when
OLS regression for the one-parameter is applied to 10,000 bootstrap
re-samplings of the set of resimulated haloes. Bootstraps provide a
reliable way to obtain errors from regression fitting even in the pres-
ence of covariances or incorrect error models. The distribution of
regression coefficients amongst the bootstrap samples approximates
the true PDFs for those parameters; we can use statistics of the dis-
tribution of these values as estimates for parameter uncertainties. In
Fig. B3 the cNFW coefficients are always non-zero, which indicates
that the improvement to predictions for subhalo abundance from
including this parameter is statistically significant.
Similarly, Fig. B4 shows the distribution of coefficients de-
rived when OLS linear regression is applied to 10,000 bootstrap
re-samplings with replacement of the three-parameter model. In the
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Figure B1. Residual subhalo abundance as a function of the parent halo’s
NFW concentration parameter. In this and the figures below, the residual
plotted on the y-axis is the observed (N sat for a given halo minus the
predicted N sat) for that halo from the regression model, where all terms
except for the one dependent on the x-axis value are included in the prediction
(in this case, this simply means that the constant term from regression
has been subtracted from the total subhalo abundances above the effective
resolution limit of V fracmax = 0.065). The over-plotted line is m×cNFW where
m is the coefficient from the regression for the property cNFW, i.e. the term
that was omitted from the regression model in calculating the residual. If the
model is a good fit to the data the line should be a good representation of the
plotted points. The blue triangle points correspond to the nearest neighbors
to the Milky Way in parameter space, identified as discussed in Section B2.
The tightness of the points about the line indicates that a linear function
of cNFW provides a useful prediction of subhalo number; the systematic
pattern of residuals about the line at low cNFW indicates that a non-linear
dependence should give an even better fit.
histograms for λB, only 3.9% of the coefficients are > 0 and in the
histogram for c/a, 17.5% of the coefficients are > 0. This means
that these two terms are not as dominant as cNFW in the subhalo
prediction, and in particular c/a is noticeably outweighed by the
other two parameters (typically for significance we look for < 5%
of the coefficients crossing over the x = 0 line).
For multi-parameter models it is useful to also examine how
the coefficients of each parameter correlate with each other, which
helps illuminate degeneracies between parameters in the fitting. As
can be seen in Fig. B4, cNFW and λB are themost important parame-
ters for this model since they show little correlation, indicating that
they each provide almost totally distinct information. In contrast,
the scatter plot between the λB and c/a coefficients amongst the
bootstrap samples shows significant covariance between them. This
indicates that there is likely some redundant information between
the two halo parameters (which is no surprise given their relation-
ship to each other). We conclude that although the three-parameter
model provides useful predictions for subhalo abundance, not all
of these parameters are contributing equally. We also point out that
the more parameters there are in a model, errors on these param-
eters will propogate into subhalo abundance predictions. Current
estimates of the Milky Way host halo properties are not very exact -
therefore at current times a three-parameter model will likely have
larger errors than a one-parameter model (as seen in Fig. 3 and
Fig. 4) but in the future when measurements are more accurate the
three-parameter model is expected to provide a better prediction for
subhalo abundance.
B4 Maximum Likelihood Fitting of a Power-Law Model for
Subhalo Abundance
The linear one-parameter and three-parameter models presented
above have been established to be better predictors for subhalo
abundance than mass alone. In this section we investigate the im-
provements possible when models based upon power-law scaling
relations, rather than a linear combination of parameters, are used.
We also implement improved fitting methodologies that work well
even in the small-Nsub regime.
Whereas we can write a linear model for subhalo abundance
as
Npredsub = k +
∑
i
αi × xi, (B5)
where k corresponds to the intercept of a regression fit and αi is the
coefficient for the ith halo parameter xi used in the regression (e.g.,
cNFW), we can similarly define a power-law model as
Npredsub = k
∏
i
xαi
i
; (B6)
in this case the αi are the exponents of the parameters xi , rather
than their linear coefficients.
In the previous appendices, we investigated subhalo abundance
models for a case where the net number of subhaloes per halo was
large, such that the Poisson distribution may be closely approxi-
mated by a Gaussian and the assumptions of least-squares regres-
sion apply. However, for higher velocity thresholds where there may
be only a few subhaloes per halo, this assumption breaks down. In-
stead, we adopt a Poisson distribution-based maximum likelihood
approach which provides secure results even in this domain. For
Poisson-distributed counts the natural logarithm of the likelihood
for the number of subhaloes of the jth halo, ln P(Nmeassub |N
pred
sub ), is
given by the formula
ln P(Nj,meassub |N
j,pred
sub ) = N
j,meas
sub ln N
j,pred
sub −N
j,pred
sub −ln Γ(N
j,meas
sub + 1),
(B7)
where N j,meassub is the observed number of subhaloes for a given
velocity threshold for the j th host; N j,predsub is the predicted number of
subhaloes for the j th host from a given model and the same velocity
threshold; and Γ indicates the standard Gamma function. We can
maximize the likelihood of amodel given the set of halo simulations
by maximizing the product of their individual likelihoods (as they
are independent draws from the underlying distributions the net
likelihood is the product of the individual likelihoods). However,
this is equivalent to maximizing the sum of the values of the log
likelihoods for each halo, i.e.,
∑
j ln P(Nj,meassub |N
j,pred
sub ), so we do the
latter.
Our fit values of k and the power law exponents (αi)
correspond to the values which maximize the total log likeli-
hood,
∑
ln P(Nmeassub |N
pred
sub ). We determine this values by min-
imizing the negative of the total log likelihood using the
scipy.optomize.minimize() function (Jones et al. 2001; Pérez
MNRAS 000, 1–24 (2018)
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Figure B2. Residual subhalo abundance as a function of the parent halo’s spin, concentration, and shape. The residual plotted on the y axis is the observed
(Nmeassub subhalo abundance for a given halo minus the predicted subhalo abundance for that halo from the regression model, where all terms except for the one
dependent on the x axis value are included in the prediction (N¬xisub )). The over-plotted line in each panel corresponds to the best-fit regression coefficient for
a given parameter times the value of that parameter (from left to right: λB, cNFW, or c/a). This corresponds to the prediction of the regression model for the
dependence on each quantity, with dependence on all other parameters subtracted off (as well as the constant term of the fit). The blue triangle points indicate
the five nearest neighbors to the Milky Way, identified as discussed in Section B2. The results show that a linear model based on λB, cNFW, and c/a provides
improved predictions for subhalo abundance compared to one which depends on concentration alone.
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Figure B3.The distribution of the coefficient of cNFW from linear regression
derived fromone thousand bootstrapswith replacement of the simulated halo
samples. The statistics of the distribution of coefficients from bootstrapping
can be used to characterize the uncertainties in the regression parameters.
In this case, because the cNFW coefficients are always non-zero, we have
firmly established that this parameter can be used to improve predictions of
subhalo abundance.
& Granger 2007) with the Nelder-Mead solver (Nelder & Mead
1965). This function requires an initial guess which we construct
by linear regression for the ln of Nmeassub in terms of the ln’s of the
xi . The intercept of this linear fit should correspond to the ln of
the k parameter in Equation B6, while the power-law exponents αi
should correspond to the linear coefficients of this regression.
Goodness-of-fit statistics for the power-law Poisson Maxi-
mum Likelihood fits of both the one-parameter model and three-
parameter model for the total subhalo abundance above the effective
resolution limit ofV fracmax = 0.065 are given in Table B1. In both cases
a power-law model provides a better fit than the equivalent linear
model. The ∆AIC and ∆BIC for the linear versus the power-law
models are > 3 in the case of one-parameter models and >∼ 10 for
three-parameter models, indicating that in each case the power-law
model provides a superior representation of the data.
Similarly to Fig. B1, and Fig. B2, we can plot the equivalent of
a residual plot for the three-parameter power law model, which we
provide in Fig. B5. In this case the y-axis differs, as for a power-law
model ratios, not differences, are more meaningful. Hence we plot
Nmeassub /N
¬xi
sub , where N
¬xi
sub is still the predicted subhalo abundance
without including the host parameter xi , but now using a power-law
model instead of a linear one. Over-plotted in orange is the result of
the power-law fit for the quantity plotted in a given panel, xαi
i
. For
reference we also indicate the five nearest neighbors to the Milky
Way as blue triangle points. Comparing Fig. B5 to Fig. B2, it is
evident that the power-law Poisson maximum likelihood regression
does a better job than the OLS linear regression as a predictor for
subhalo abundance, and once more cNFW is the parameter that has
the greatest predictive power.
To determine the errors in the exponents from the power-law
Poisson maximum likelihood fit we again use bootstrap resampling.
Specifically, we produce 10,000 bootstrap re-samples with replace-
ment of the ensemble of host haloes and perform the fit for each
sample. Fig. B6 displays the results of this process for the power-
law fits; it may be compared to Fig. B4. The dependence upon halo
concentration is strongest, while the dependence upon spin is rela-
tively weak and covariant with the shape dependence. Unlike in the
case of the linear model (Fig. B4) there appears to be a significant
degeneracy between cNFW and c/a.
In order to predict the cumulative subhalo abundance for the
Milky Way as a function of fractional velocity, we carry out this
fitting procedure for a series of values for theminimumV fracmax . Specif-
ically, our procedure is as follows:
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Figure B4. Distributions of parameter coefficients from bootstrap resamplings of the subhalo abundance data for the three-parameter regression depicted in
Fig. B2. The histograms correspond to how many times each value of a given coefficient occurs amongst the bootstrap samples. We can treat the distribution
of coefficients from the bootstraps as a PDF for those coefficients to determine errors in regression fits. The scatter plots show pairs of the coefficients from
each bootstrap fit plotted against each other. The scatter plot for λB vs c/a shows that the coefficients have a significant correlation with each other. It is
clear that not all halo parameters contribute equally to our ability to predict subhalo number; however, the AIC and BIC results provide strong evidence that a
three-parameter model is superior to one that relies on concentration alone.
(1) We select twenty logarithmically-spaced values of V fracmax to
serve as the minimum fractional velocity for each of twenty bins,
and determine the total number of subhaloes above every minimum
value for each host halo.
(2) For each of the twenty minimum values of V fracmax we fit a
power-law model for predicting Nsub of the form given by Equa-
tion B6 by maximizing the total Poisson likelihood across all 45
host haloes (using Equation B7), as described above.
(3) We obtain a prediction for the abundance of subhaloes for
the Milky Way above each fractional velocity threshold by evaluat-
ing the corresponding power-law fit with theMilkyWay’s estimated
halo properties (described in Section 2) substituted in. That is, given
the αi’s and k values from a Poisson maximum likelihood fit, we
can predict the cumulative subhalo number for the Milky Way cor-
responding to eachminimum value ofVsatmax/Vhostmax from the equation
Nsat(> V fracmax) = k
∏
i
xαi
i,MW
, (B8)
where xi,MW is the estimated value of the i’th halo property for the
Milky Way’s host halo. These predictions correspond to the solid
purple curves in Fig. 3, Fig. 4, and Fig. 5.
(4) We then perform bootstrap resampling amongst the host
haloes in order to calculate the uncertainty in our power-law fits,
and in the parameter estimates for the Milky Way. For each boot-
strap we perturb the measured Milky Way host halo properties by a
random draw from a normal distribution with standard deviation set
by that property’s estimated error. The case of concentration is a bit
unique because our concentration estimate does not have symmetric
errors. We instead build two half-gaussians with the same mean and
construct the CDF of this distribution. With this we can use the
PDF as a look-up table and generate random variables that corre-
spond to that value of concentration. At the same time we select a
new sample of the simulated host haloes with replacement. With
this new sample we then refit for the power-law model parameters
via Poisson maximum likelihood and evaluate each model with the
corresponding estimated Milky Way halo properties for each bin.
The resulting 68% and 95% confidence intervals of the cumula-
tive velocity functions for each bootstrap sample correspond to the
semitransparent purple regions in Fig. 3, Fig. 4, and Fig. 5.
(5) Last, with this bootstrapped set of samples we can deter-
mine the impact of Poisson scatter on the range of values possible
for the Milky Way. For each bootstrap, in each bin of V fracmax we com-
pute the predicted number of subhaloes for the Milky Way per bin
for a non-cumulative satellite abundance. Then we draw randomly
MNRAS 000, 1–24 (2018)
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Figure B5. Illustration of the three-parameter power-law model for subhalo abundance as a function of the parent halo’s spin, concentration, and shape (from
left to right: λB, cNFW, and c/a). The y-axis shows the observed (Nmeassub subhalo abundance for a given halo divided by the predicted subhalo abundance for
that halo from a power-law model as described in Equation B6, where all terms except for the one dependent on the x axis value are included in the prediction
(N¬xisub )). The over-plotted orange line in each panel corresponds to the parameter shown on the x-axis raised to the power of the best-fit exponent from our
Poisson maximum likelihood fit. The blue triangle points indicate the five nearest neighbors to the Milky Way, identified as discussed in Section B2. This result
shows that a power-law is a better fit to the data than a linear fit, and that cNFW has the greatest predictive power for subhalo abundance.
from a Poisson distribution using this non-cumulative predicted
abundance as the mean. Last, these Poisson values are cumulatively
summed in order to determine the error corresponding to the scatter
of the 45 haloes about the model prediction. The 68 and 95 percent
confidence regions for this result are depicted in orange in Fig. 3,
Fig. 4, and Fig. 5. Applying a log-normal error distribution yields
very similar results to the Poisson scatter utilized here. We also
compare the errors for the total cumulative number of subhaloes
from the bootstraps alone and the additional impact of Poisson scat-
ter in Fig. 8. The incorporation of Poisson noise leads to a much
wider spread in predicted subhalo abundance at higher Vmax and a
comparable spread at low Vmax. Percentile confidence regions for
these two error models on total subhalo abundance normalized by
the mean measured subhalo abundance are shown numerically in
Table 2 and visually in Fig. 8.
The end result of this process is both a best-fit, best-estimate
cumulative velocity function for the Milky Way and a set of addi-
tional CVFs whose distribution reflects the uncertainties in fitting
power-lawmodels, uncertainties in the parameters of theMilkyWay
host halo, and uncertainties due to Poisson scatter about the relation.
B5 Fitting Functions for the Subhalo Cumulative Velocity
Function
Our best-fit models for the cumulative velocity function of sub-
haloes as a function of host halo parameters can be approximately
described by a simple set of formulae. Our goal is to provide easily-
computed values which can be substituted into Equation B8 to
predict the cumulative velocity function for any dark matter halo.
We take advantage of the fact that (due to the self-similarity of dark
matter haloes of different masses and the virial scaling relations),
the number of subhaloes above a given V fracmax should have minimal
dependence on halomass. That is, we expect the number of satellites
above a given fraction of a halo’s Vmax to be similar regardless of
halo mass, but in a more massive halo, the satellites that are above
that fractional threshold will also be more massive (this also leads
to the conclusion that there will be more total satellites above a fixed
minimum Vmax in more massive haloes, roughly proportional to the
halo mass).
To define an approximate model for the CVF, we need to
specify values of k and αi as a function of the minimum subhalo
fractional velocity considered, V fracmax . Specifically, the results from
Poisson maximum likelihood one-parameter power-law fits can be
accurately represented using a function that is linear at low velocities
and quadratic at high velocities. We have fit for this function using
the Numpy curve_fit() routine applied to the values of αcNFW as
a function of V fracmax obtained from the Poisson maximum likelihood
results, using weights calculated from the standard deviation of the
bootstrap results for this parameter at a given velocity. From this we
obtain a fit:
αcNFW =
{
0.12V† − 0.78, V† < 0,
−66.26V†2 − 1.02V† − 0.78, V† > 0, (B9)
where V† = V fracmax − 0.12. This fit provides a good representation
of the dependence of the power-law exponent on velocity over the
range 0.05 6 V fracmax 6 0.25.
We find that a single quadratic function of V fracmax is sufficient
for characterizing the dependence of the power-law prefactor k on
velocity. In order to ensure a self-consistent set of fitting func-
tions, we must obtain new values of k for each threshold velocity
while forcing αcNFW to have the value predicted by Equation B9 for
αcNFW . Specifically, we take k = 〈Nmeassub /Nsatk=1(> Vsatmax)〉, where
Nmeassub /Nsatk=1(> Vsatmax) is the satellite abundance estimate for each
host halo taking k=1 and the value of αcNFW from Equation B9; i.e.,
Nsat
k=1(> Vsatmax) = c
αcNFW
NFW . By a least-squares fit to the values of the
logarithm of k as a function of threshold velocity, we obtain
ln k = 205.58(V fracmax)2 − 73.66V fracmax + 10.93. (B10)
The results of Equation B9 and Equation B10 can then be sub-
stituted into Equation B6 to obtain a prediction for the subhalo
abundance at a given threshold in velocity based on a dark matter
halo’s concentration. The results of these fitting formulae match the
mean predictions for the Milky Way (corresponding to the purple
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Figure B6. Distributions of parameter exponents from bootstrap resamplings of the subhalo abundance data for the three-parameter power-law Poisson
maximum likelihood fit depicted in Fig. B5. The histograms correspond to how many times each value of a given coefficient occurs amongst the bootstrap
samples. The scatter plots show pairs of the coefficients from each bootstrap fit plotted against each other. The scatter plot for c/a vs cNFW and c/a vs λB
show that the coefficients have a correlation with each other. This implies that c/a is not contributing as much as the other two parameters in predicting
subhalo number. However, the statistics in Table B1 show that the three-parameter model is still the superior model for predicting subhalo abundance for Milky
Way-mass dark matter haloes.
line in Fig. 3) to better than 2.7% RMS over the range in velocities
0.05 6 V fracmax 6 0.25.
We similarly have derived fitting functionswhich can be used to
approximate our three-parametermodel fits.We begin by noting that
the exponents of the spin and shape parameters from our bootstrap
samples are consistent with being constant at all velocities. As a
result, for our fitting formula we treat them as fixed at their median
values across all bootstrap samples from the original maximum
likelihood calculation, corresponding to
αλB = 0.03; (B11)
αc/a = 0.26. (B12)
We then perform new fits for a new k and αcNFW via Poisson maxi-
mum likelihood, including spin and shape in the model but forcing
their exponents to have the fixed values described above.
Then we proceed the same as for the one-parameter model. We
find that the concentration exponent for the three-parameter model
can be approximated well by
αcNFW =
{
0.10V† − 0.91, V† < 0,
−71.86V†2 + 2.02V† − 0.91, V† > 0, (B13)
where V† = V fracmax − 0.11 in this case. Once again, we use the fitting
formula predictions forαcNFW to estimate the k term at each velocity,
and then fit for ln k as a function of V fracmax via least-squares. We then
find
ln k = 208.21(V fracmax)2 − 74.11V fracmax + 11.47. (B14)
The results from Equation B13 and Equation B14 can be substituted
into Equation B6 to obtain a prediction based on a darkmatter halo’s
concentration, spin, and shape for subhalo abundance above a given
velocity threshold. The results of these sets of fitting formulaematch
the mean Milky Way prediction (the solid purple line in Fig. 4) to
6.9% difference RMS for 0.05 6 V fracmax 6 0.25.
We note that if realizations of a cumulative velocity function
incorporating Poisson statistics are desired, care must be taken to
ensure that covariances between values at different velocities result-
ing from the use of a cumulative quantity are properly accounted
for. Step five in Section B4 describes the procedure which we have
employed for this purpose.
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